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0. Introduction. The primordial problems of
linear algebra are the solutlon of a system of linear
equations

Ax = b (i.e., Iyayy%y = by)

and the solution of the eigenvalue problem

Ay = ApXy

for the eigenvalues Ak and corresponding
eigenvectors x, of a gilven matrix A . The numer-

ical solution of these problems without the aid of an
electronic computer is a project not to be undertaken
lightly. For example, using a mechanical desk-
calculator to solve flve llnear equations 1in five
unknowns (and check them) takes me nearly an hour,
and to calculate five elgenvalues and elgenvectors of
a five-by-five matrix costs me at least an afternoon
of drudgery. But any of today's electronic computers
are capable of performing both calculations in less
than a second.

—
Sections 6 to 11 will appear in this Bulletin at a
later date.
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What 1s the current state of the art of
solving numerical problems 1n linear algebra with the
ald of electronic computers? That question 1s the
theme of part of this paper. The rest of the paper
touches upon two or three of the collateral
mathematical problems which have captured my attention
for the past several years. These problems spring
from the widespread deslire to give the computer all
1ts instruetlons 1n advance. When the computer 1s
engrossed 1n 1ts computation at the rate of perhaps a
million arithmetic operations per second, human
supervislion 1s at best superficial. One dare not
interrupt the machine too frequently with requests
"WHAT ARE YOU DOING NOW?" and with afterthoughts and
countermands, lest the machine be dragged back to the
pace at which a human can plod through a morass of
numerical data. Instead, 1t is more profitable to
launch the computer on its phrenetic way while we
calmly embrace mathematical (not necessarily
computational) techniques like error-analysis to
predict and appraise the machine's work. Besides,
the mathematical problems of prediction and appraisal
are interesting in theilr own right.
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1. The Time Needed to Solve Linear Equatlons.
On our computer (an IBM 7094-I1 at the Unliversity of
Toronto) the solution of 100 linear equations in 100
unknowns can be calculated in about 7 seconds;
during this time the computer executes about 5000
divisions, 330000 multiplications and additions, and
a comparable amount of extra arithmetic with small
integers which ensures that the aforementioned
operations are performed in their correct order.
This calculation costs about a dollar. To calculate
the inverse of the coefficient matrix costs about
three times as much. If the coefficients are complex
instead of real, the cost is roughly quadrupled. If
the same problem were taken to any other appropriate
electronic computer on this continent, the time
taken could differ by a factor between 1/10 and 1000
(1.e. 1 second to 2 hours for 100 equations)
depending upon the speed of the particular machine
used. These quotatlions do not include the time
requlred to produce the equations' coefficients in
storage, nor the time required (a few seconds) to
print the answers on paper.

For the next five years it will be economically
practical to solve general systems of 1000 or so
linear equations, but not 10000. One limitation is
the need to store the equations' coefficients
somewhere easily accessible to the computer's
arithmetic units. A general system of N equations

has an NxN coefficient matrlx containing N2

elements. When N=100 , these 10000 elements fit
with ease Into current storage units. When N=1000 ,
finding the space for a million elements requires
today some attention to technical detalls; tomorrow's
storage units will handle a million elements easily.

But when N=10000 space is needed for 108 elements,
and current storage units with that capacity are
unable to share their information with the computer

at speeds commensurate with its arithmetic units.

Besides, to produce, collect, and check those 108

elements is a formidable undertaking.

Today, the solution of 1000 eguations is not a
simple task, even on a large computer like ours.
Our computer's immediate access store, to which
reference can be made in a fraction of the time
required for one multiplication, has a capacity of

215232768 words, of which about 10000 would be
needed for program. The remaining space 1is just
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about enough for 10 or 20 rows of the matrix. The
rest of the matrix, 980 rows, has to be kept in bulk
storage units, like magnetic tapes or disks, to which
access takes at least as long as several multiplica-
tions. Now, most of the time spent in solving a
linear system is spent thus:

Select an element from the matrix,
multiply by another,

subtract the product from a third,

which is then replaced by the difference.

It is clear that careful organization is required to
prevent storage-access from consuming far more time
than the arithmetic. Such organization is possible;
for a good example see Barron and Swinnerton-Dyer
(1960). The main idea is to transfer each row of
the matrix in turn from slow storage to fast storage
and back in such a way that, while in fast storage,
each row partakes in-as many arithmetic operations
with nelghbouring rows as possible. Further time 1is
saved by the simultaneous execution of input, output
and calculation; while one row is being transferred
from slow to fast storage, another is being
transferred back, and arithmetic operations are
being performed upon a third row. In this way,

1000 linéar equations could be solved on our machine
in a morning, not much longer than would be needed
for the arithmetic operations alone (and in much
less time than would likely be needed to collect the
data or to interpret the answer).

Let us count up those arithmetic operations.
The methods most widely used for solving linear
equations are elimination methods patterned after
that described by Gauss (1826). Here is an outline:

Given the augmented matrix {A,b} of the system

321 a34%y = Pi , i=1,2,...,N ,

we select a variable, say X5 s and eliminate 1t

from all the equations but one. This can be done,
for example, by selectling a sultable equation, say
the IR , and subtracting (the Ith equation, times
) from (the 1 th equation ) for all 1 # I

th equation and Jth variable have been

aj5/215
After the I
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set aslde, one has Just (N-1) 1linear equatlons 1in
{N-1) wunknowns left.

This simple process ls repeated untll there
remalns only one equation in c¢chne unknown; thils can
be solved easily. The solutien is substituted back
into the equation previously set aside and that one
is solved. This process of back substitution 1s
repeated until, at the end, X5 is obtained from

the Ith equation after the substlitution of the

computed values of the other N-1 wvariables.

Gaussian elimination requires

%N3(l + %N"l - %N_Z) additions or subtractions,
and 1.3 -1 _
§N {1 + 3N - N 7) multiplications or divisions.

In the 140 years since this method appeared in print,
many other methods, some ¢f them very different, have
been proposed. All methods satisfy the Teolleowing

new theorem of Klyuyev and Kokovkin-Shcherbak (1965):

Any algorithm which uses conly raticna:
arithmetic operations tec solve a generaus
system of N 1linear equations requires at
least as many additions and subtractions,
and at least as many multiplications anad
divlsions as does Gaussian elimination.

One consequence of this theorem is obtalned

by setting N=10000; to solve 10000 linear equations
would take more than two months for the arithmetic
alone on our machine. The time might come down to a
day or so when machines 100 times faster than ours
are produced, but such machines are just now being
developed, and are most unlikely to be in widespread
use within the next five years. The main impediment
seems to be storage access time. (For more detalils,
see IFIP (1965).)

In the meantime, there are several good
reascns to want to solve systems of as manhy as
10000 equations. For example, the study of many
physical processes (radiation, diffusion,
elasticity,...) revolves about the solution of
partial differential equations. A powerful technique
for solving these differential equations is to



approximate them by difference equations over a
lattice erected to approximate the continuum. The
finer the lattice (i.e. the more points there are in
the lattice), the better the approximation. 1In a
20x20x20 cubic lattice there are 8000 points. To
each point corresponds an unknown and a difference
equation. Fortunately, these equations have special
properties which free us from the limitation given
by Klyuyev and Kokovkin-Shcherbak. (For details
about partial difference equations, see Smith (1965)
or Forsythe and Wasow (1960).)

2. The Time Needed to Solve a Linear System
with a Band Matrix. The systems of linear equations
which arise from the discretization of boundary
value problems frequently have matrices {aij} with

the following "band property":

a,, = 0 1if |i-j| > M .

ij

A Band-Matrix.

wZTL4

Although N equals the number of lattice points in
the discretization, and can therefore be quite

large whenever a fine lattice 1is needed for high
accuracy, the half-bandwidth M 1is usually much
smaller than N . For a boundary value problem in

§ dimensions M is usually very near the number of
points in one or two (6-1) dimensional sections of
the lattice, and hence the gquotient

M/Nl—l/<5

is frequently between 1 and 3 . With care, the
matrix corresponding to k coupled boundary value
problems over the same lattice can often be put in a
band form for which the quotient above lies between
k and 3k .

The advantage of a band structure derives from

the fact that it 1s preserved by the row-operations
involved in Gaussian elimination. This is obvious
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when we select, for I = 1,2,..., N in turn, the

Ith equation to eliminate the Ith unknown from all
subsequent equations. It is true also when any other
row-selection rule is used, provided the width of
that part of the band above the main diagonal is
allowed to increase by M . Consequently, far less
time and space are needed to solve band-systems than
to solve general systems. The following table
summarizes the dependence of time and space
requirements upon the parameters M and N . For
the sake of simplicity, constants of proportionality
have been omitted, and terms of the order of 1/M

and 1/N or smaller are ignored.

Type of Storage required Time required for

Matrix (Total) arithmetic alone
Band MN M2N
Full N2 N3

Incidentally, there is no need to find space
for all MN elements of the band-matrix in the
Immediate-access store. Instead, it suffices to
store the rows of the matrix in slow bulk storage

(tape or disk) and find space for 2M2 elements
(in some cases fewer) in the immediate access store.

Then as the Ith

from slow to fast storage, a transformed (I—M)th
row can be transferred from fast to slow.

row of the matrix is transferred

- The economies that result from band structure
permit the solution of two dimensional boundary
value problems with thousands of points, and one
dimensional problems with tens of thousands of
points, to be carried out in times measured in
minutes. (For more details about the solution of
band systems, see Cayless (1961), Fox (1957)
pp. 150-155, Walsh's ch. 22 in Fox (1962), or
Varga (1962) pp. 194-201.)

3. Iterative Methods for Solving Linear
Systems. Iterative methods for solving linear
systems, due originally to Gauss (1823), Liouville
(1837) and Jacobi (1845), embody an approach which
1s very different from that behind the direct
methods like Gaussian elimination. The difference
can be characterized as follows:
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Direct methods apply to the equation Ax = Db
a finlte sequence of transformations at whose
termination the equations have a new form, say
Ux = ¢ , which can be solved by an obvious and
finite calculation. For example, 1in Gaussian
elimination U is an upper triangular matrix which,
with ¢ , can be shown to satisfy

{Uye} = L™Yp{(a,b}

where P 1s a permutation of the ldentity and L

1s a lower triangular matrix with diagonal elements
all equal to 1 ; and the obvious calculation that
solves Ux = ¢ 1s back substitution. In the
absence of rounding errors, the computed solution is
exact. (For more detalls see Faddeev and Faddeeva
(1964) ch. II, Householder (1964) ch. 5, or Fox
(1964) ch. 3-5.)

On the other hand, an iterative method for
solving Ax = b beglins with a first approximation
Zg > to which a sequence of transformations are

applied to produce a sequence of lterates
29 5 25 » 53 s++.« Which are supposed to converge

toward the desired solution x . In practice bthe

sequence is terminated as soon as some member 2y

of the sequence is judged to be close enough to Xx .

An example of an iterative method is the
Liouville-Neumann series which is produced by what
numerical analysts call "Jacobi's Method":

Suppose Ax = b can be transformed
conveniently into the form

X =Bx+¢
where the matrix B 1is small in some sense. To be
more precise, we shall assume that |[B| =8 < 1 .
(The symbol ||...|]| represents a matrix norm about
which more will be said later.) We begin with a
first approximation Zg » for which 0 will do if

nothing better is known, and iterate thus:
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Zp41 = ng + ¢ for k =0,1,2,... ,
= (I+B+B2+ cee +Bk)3 + Bk+150
= x + B (z-x) .

Hence, the error is bounded by
k
||Ek-£|| <B “Eo'ﬂl

The practicality of this scheme depends upon
three considerations:

1) The smaller is B8 , the fewer are the
iterations required to effect a given
factor of reduction in the error bound.
Therefore, small values of B8 are desired
for rapid convergence.

11) The better is 2z, , the fewer are the

iterations required to bring the error
bound below a given tolerance. Therefore,
good initial approximations are desired for
early termination of the iteration.

111) If each matrix-vector multiplication Bz,

1s cheap enough that we can afford a large
number of them, then the two previous
considerations will carry less welght.

The last consideration is quite important in
many applications. For example, if the NxN matrix
B 1is "sparse", which means that most of B's
elements are zeros, then the number of arithmetic
operations required to compute ng may well be a
small multiple of N 1nstead of N2 . Such sparse
matrices are frequently encountered during the study
of trusswork bridges, electric networks, economists'
input-output models, and boundary value problems.

In the case of some large two-dimensional boundary

value problems, and most three dimensional ones,

it may be more economical to exploit the sparseness
of the matrix than to explolt its band properties.

Despite a sparse matrix and a fast computer,

the simple iteration described above 1s usually too
slow to be practical. This fact has spurred the

765



‘generalization and improvement of iterative methods
in a vast diversity of ways.

One generalization begins with the iteration

Zps1 T Bt OOy

where

r, = b - Az,

1s 2z, 's "residual" in the equation Ax =b .

(The Jacobi iteration is obtained formally by
letting Ck_l be A's diagonal.) For simplicity
suppose Ck = ka » With scalars Yi and the matrix

C to be chosen later in accordance with the
subsequent analysis. We find that

4

Z, = X+ Pk(CA)(EO-ﬁ)

th

where Pk(w) is a k degree polynomial defined

by the recurrence

Po(w) =1 3 Pk+l(w) = (1-ka)Pk(W)

To simplify the exposition now I shall assume
that CA's elementary divisors are all linear;
otherwise what follows would be complicated by the
appearance of some derivatives of Pk(w) . The

matrix CA can be decomposed into its idempotent
elements E(A) defined by

(ca)™ = 3 AnE(A) for all n

A
where the summation 1s taken over the values of the
eigenvalues X of CA . (Cf. Dunford and Schwartz

(1958) pp. 558-9.) Then

Pe(CA) = T B (V) EG)

whence comes the following theorem:

A necessary and sufficient condition that

2, *X as k >« , no matter how Zg
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be chosen, 1s that Pk(x) + 0 for every
elgenvalue a1 of CA .

This theorem 1s not applied directly in
practice because the elgenvalues A are generally
not known. But if all the elgenvalues A are known
to be contained in some region R 1in the complex
plane, then it suffices that Pk(w) + 0 for all

w in R . To satisfy this requirement is not
trivial, because Pk(O) =1 for all k .

Given R and k , one might seek a polynomial
Pk(w) which 1is "best" in the sense that, for

example, of all polynomials of degree k for which
Pk(O) =1, Pk(w) has the smallest value of

max |P (w)| over w in R.

There 1s no general rule known for finding such best
polynomials. The followlng theorem helps in some
cases:

Let éfk(r) be the lemniscate in the complex

w-plane defined by
L, (w)| < r <L (0)

for some polynomial Lk(w) of degree > k .

Then every kth degree polynomial Pk(w)

with Pk(O) = 1 satisfies

max |P (w)| > r/L, (0) for w 1in Z;(r) .

|v

Proof. Apply the maximum modulus theorem on
the exterior of k(r) to the rational function

L (0) Py (w)/Ly (W)

to conclude that this quotient has magnitude at
least 1 somewhere on the boundary of ‘ik(r) .

Then apply the same theorem to Pk(w) inside

L (r)

767



The simplest application of this theorem 1is
to the circle

L ()] = |(1-w¥| < 8

which shows that, if A = I-B and we know only
that |B]] = 8 < 1 (so that all eigenvalues A of
A must satisfy |1-a| < B8 < 1) , then the simple

Jacobl lteration described above is the best that
can be done.

Having chosen a polynomial Pk(w) s the
numbers vy are defined as the reciprocals of the
zeros of Pk(w) . This relation amounts to an

inconvenient restriction on the sequence of
polynomials PJ(w) for § < k , and is also a

source of possible numerical instability. To
illustrate this point, suppose all the eigenvalues
A of CA 1lie in an interval on the real axis,

say 0 < ag <A < @, - The following theorem of
Markoff is applicable:
of all k" degree polynomials P (z) with

Pk(O) = 1 , the one for which
max |P,(2)| on oo <8 < e
is smallest 1s Jjust the Tchebycheff polynomial
T, (L(2))/T, (L(0))
where
Tk(cos 0) = cos k 8 and

L(z) = (am + ag - 2Z)/(or.m - ag)

Proof. If [P (z)| < 1/T (L(0)) on
ap £ 2 < &, , then the difference
Tk(L(z)) - Tk(L(O))Pk(z) has at least one zero
between each pair of adjacent extrema of Tk(L(z))

on the interval, and another at 2z = 0 , making k+1
zeros altogether.

Now, the zeros Yj-l of Tk(L(z)) ineclude
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some numbers quite near «ay , which may be very small

in cases of slow convergence. But then the term
YJCEJ s Wwhen its turn comes in the iteration, can be

so large and so much magnify the effects of rounding
errors that the convergence of the iteration is
Jjeopardized (Young (1956)).

Fortunately, the Tchebycheff polynomials
satisfy a three-term recurrence

Tppp(L(2)) = 2L(2)T, (L(2)) = T, _,(L(2))

which can be implemented conveniently and is
numerically stable. A sultable form for the
iteration is

Zpp1 = By Y On + S (2 -2 4)

and an appropriate choice of Yi o Gk , and

Z_ 1% 25 ylelds
2z, = x + T, (L(CA))(zy - x)/T, (L(0))
for all k > 0 . One great convenlence of this

iteration is that the polynomial Pk(w) that
appears in the relation

z, = x + P (CA) (z5 - X)

is the "best" such polynomial for each k , so that
there 1s no need to choose a degree k 1n advance.
This convenlence persists whenever the sequence of
polynomials Pk(w) are orthogonal polynomials

which minimize some welghted mean value of |P(w)|2
over an interval of interest, because these
polynomials also satisfy a three-term recurrence.
For details see Stiefel (1958) and Faddeev and
Faddeeva (1964) ch. 9.

A very different approach to iterative
methods can be 1llustrated by the Jacobl method
once again. We note that, since

Zye1 ~ X7 Blz - %),
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"Ek'i-l = JI <8 Ilik - }_‘Jl

where 8 = |B]| < 1 . In other words, each iteration
reduces the norm of the error by a factor 8 < 1 .

More generally, given a norm for the error
|gk - x| or for the residual b - Az,||, one seeks

a direction R, and distance vy, such that the
norm associated with

Zpel T kY ViR

is smaller than for 2y - In Gauss-Seidel

iterations the direction p, 1s one of the

coordinate directions; in gradient iterations the
direction By is that in which the norm is

decreasing most quickly. For further discussion see
Householder (1964) sec. 4.2-3. I shall elaborate
upon only one such method, called "the method of
conjugate gradients".

Suppose A 1s symmetric and positive definite,

1/2

and let us use |z ll= (r,‘r)) as a norm for the

residual Ty = b - Agk . Then each 1teration step

Zpe1 = B PV toS(2p -2 g)

looks formally Just like the iteration that was used
above to construct the Tchebycheff polynomials, but
now the constants Yy and 3§ must be chosen to

minimize |, .| in that step? This choice of v,
and Gk has the stronger property that no other
choice of Yoo 60, Y 61, css s Yk’ sk could yield
a smaller value for |, ./l ! In particular,

ry = 0 ; the iteration converges in a finite number

of steps. An excellent exposition of this powerful
technique 1is given by Stiefel (1953) and (1958).

Another approach to iterative methods 1is
embodied in the relaxation methods. The basic idea
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here 1s to adjust some unknown Xg to satisfy
" th -
("relax") the I equation zJ aIJ Xy by ,

even though in doing so some other equation may be
dissatisfied. The next step is to relax some other
equation, and so on. Gauss (1823) claimed that this
iteration could be performed successfully

"... while half asleep, or while thinking

about other things".
Since his time the method has been systematized and
generalized and improved by orders of magnltude,
especially where 1ts applications to discretized
boundary value problems are concerned. The best
survey of this development 1s currently to be found
in Varga's book (1962). Nowadays some of the most
active research into iterative methods is being
conducted upon those variants of relaxation known
as Alternating Direction Methods; see for example
Douglas and Gunn (1965), Gunn (1965), Murray and
Lynn (1965), and Kellog and Spariler (1965).

The result of the past fifteen years of
intense mathematical analysis concentrated upon
lterative methods has been to speed them up by
factors of ten and a hundred. Some idea of the times
involved can be gained from surveys by Engeli et al
(1959), Martin and Tee (1961), and Birkhoff, Varga
and Young (1962). For example, the difference
analogue of Dirichlet's problem (Laplace's equation
with specified boundary values) in a two-dimensional
regilon with about 3000 lattice points can be solved
to within about 6 significant decimals in about 300
iterations of successlve over-relaxation, requiring
about 30 seconds on our machine. This 1is one third
as long as would be needed to apply Gaussian
elimination to the corresponding band matrix. A
three-dimensional problem with 10000 equations and
unknowns could be solved on our machine in less than
5 minutes by lteration; here Gaussian elimination
takes hundreds of times as long, so the value of
iteration is well established. But the time required
for iterative methods generally cannot easily be
predicted in advance except 1in special cases (which
are fortunately not uncommon). Furthermore, the
choice of one out of several posslible iterative
methods is frequently a matter of trial and error.
Even if the lterative method is chosen on rational
grounds, there will be parameters (like the constants
Yi and §, above) which must be chosen carefully

for maximum efficlency; but to choose thelir values
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will frequently require information that 1s harder
to obtain than the solutlon being sought in the
first place. (A welcome exception is the method of
conjugate gradients.) Evidently there 1s plenty of
room for more research, and especially for the
consolidation of avallable knowledge.

4, Errors in the Solution of Linear Systems.
It is possible in principle to perform a variant of

Gaussian eliminatlion using integer arithmetic
throughout in such a way that no rounding errors

are committed (see Aitken's method described by

Fox (1964) on pp. 82 - 86). But the integers can
grow quite long, as much as N times as long as
they were to begin with in the given NxN matrix A.
Whenever N 1is large, one 1s easlly persuaded to
acqulesce when the computer rounds its arithmetic
operations to some finite number of significant
diglts specified in advance. Consequently, it comes
as no surprise when the calculated value 2z of the
solution of

AX = b

exhibits a small residual

r=Db-Az .
How small must r be to be negligible? The
following example shows that thls question can have
a surprising answer.

Example 1.

_ [ .2161 .1l441 i .1440) _ [ .9911
A= 11.2969 .86148) > B = (.8642 > 2= (-.4870)-
Then the residual is

- _ (-.00000001 )
r=Db-Az-= ( .00000001) exactly ;

no other vector 2z specified to 4 dec. can have
a smaller residual r wunless r =0 . But 2z does
not contain a single correct digit! The"correct"
solution is
_{2
L= Le)

Linear systems with this kind of pathological
behaviour are often called "ill-conditioned".
Precisely what does "ill-conditioned" mean?

172



This example and other problems of error
analysls are easler to discuss using the language ol
matrlx norms, which I digress to Introduce here.

A common vector norm is the Holder norm
I=l, = (Ejlxj’p)l/p for 1 <p <.

This norm 1s easily shown toc have the properties
that one expects of a vector norm:

|x]l > 0 except that |0]] = 0 .
lex |l = o] |lx]| for all scalars a .
[+ 2] =]l *+ |lz|| (The Triangle Inequality)

Any linear transformatlon A from one normed linear
space to another can be normed 1n the natural way:

Iall = max |jax]/Jxj over x # 0 .
(I use "max" instead of "sup" because they amount tc
the same thing for flnlte dimenslonal spaces.)
Among the matrix norms most often used are

”A”p,q = max ”AEHP/HEJE with sultably chosen

p and q ; e.g.

lall, o = max [axjl,/llz]l, = max layy ] (max row-su
”A”l,l = max |Ax|,/ x|, = max _|a1J| (max column-su
Il ; = max laxll/lehy = max o lay,|

lall, , = max [axl,/lxl, = (max eigenvalue or aATa)'/2
(Another matrix norm, [, = (trace A"A)Y/2 | 1s

wldely used but cannct be defined as a maximum of a
ratlo of twec vector norms. Its maln value 1s as an
easily computed estimate of [A]l, , , because

3

HA”E > ”AHE,E > lh”E/Vrank (A) . )

Until further notlce, the matrix norm uSﬁd below
wlll be assumed to be one of the norms Aﬂ p,q
>
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Finally, the notion of a dual linear
functional should be mentioned.. If the row-vector

¥' 1s regarded as a linear operator from a normed

vector space to the space of complex numbers normed
as usual, then

Te'll= max |g'x|/lxll over x #0 .

g‘"“ltﬂp = max |XT£|/"§HP = (13l 4 wﬁere pt+qt=1.

And the Hahn-Banach theorem guarantees that to each
x # 0 corresponds a dual functional y' such that

'z =g 0zl =

(For more details, see Householder (1964) or any text
on normed linear spaces, e.g. Day (1962), Kantorovich
and Akilov (1964).)

Now it 1s possible to discuss the meaning of
"i{ll-condition”. To each matrix A , regarded as-a
linear operator from one normed space to another, can
be assigned its condition number K(A) associated
with the norms and defined thus:

K(a) = :?ﬁ "ﬁx" i over allx #0and y # 0 .

In other words, if the vectors Ax and Ab are
regarded as errors correlated by A(x + AxT b + Ab ,
where x and b satisfy Ax = b , then

1/k(A) < (laxll =) 7chanll 70l ) < x(a) .
This means that a small change Ab 1in b causes a
change Ax 1in x which has, relatively speaking, a

norm that can be K(A) times as big. When K(A) 1is
very large, we say that "A i1s ill-conditioned"

It 1s easy to prove that when A 1s a square
matrix,

K(A) = fla] |7

The matrix A of the numerical example 1s very ill-
conditioned indeed;
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1 (—86480000. 14410000.)
A 129690000. -21610000.) 2nd

K(A) ¢ 2 x 108 .

If we apply the lnequality, assoclating r with ADb
and 2z = x wilth 4Ax , we verlfy that

Nz - =48/ el /el # (1/2)7(1078) < xca) .

Had K(A) been known in advance, the example would
not have come as a surprise.

Another important property of the condition
number 1s given by the followilng:

THEOREM: A differs from a singular matrilx
by no more in norm than | A]|/K(A) , (Gastinel)
L.,e., given A , [|4]|/K(A) = min ||AA] over all
singular (A + AA) .

Proof. Of course, if (A + AA) 1s singular,
then there 1s some x ¥ 0 for which (A + AA) x =0 .

v

Therefore [ aAll > [laax] /x|

) /=)

laxll /7lla=* axll
a7 = Jal/xca) .
To find a AA which achieves the inequality we
conslder that vector y for which

Ia~ gl = 4a gl # o .
Then let w® be dual to A™L y

I Aty =1,

|v

1.e. w' Aty
and set AA = -y w' .

We have (A + aA) A™1 ¥

0 , so A + AA is slngular.

And

max [y w'x]|/|x] over x # 0

| aa]]
= gl max |w'x|/lxl
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gl 087 = lgl/1a~ gl = /987t
&) 7K (R)

Let us return to the example again. If the
elements of A have been rounded to 4 decimal
places, then the uncertainty introduced by the
rounding is 10000 times larger than the difference
between A and the nearest singular matrix! Under
these circumstances it is reasonable to ask whether
the system Ax = b deserves to have a solution.

The pathological behaviour of ill-conditioned
matrices seems to have preyed upon the minds of the
early analysts of the error committed during
Gaussian elimination. Certainly the conclusions of
von Neumann and Goldstine (1947, 1951 ) are
incredibly pessimistic; for example they concluded
that on a machine like ours there were substantial
risks taken in the numerical inversion of matrices
of orders much larger than 20, although their
error-analysis was correct in other respects.
(Their trouble arises from an attempt to compute

A'l from the formula

A—l - (ATA)—l AT ,

an attempt which we know now to have been ill-
conceived.)

A more nearly modern error-analysis was
provided by Turing (1948) in a paper whose last few
paragraphs foreshadowed much of what was to come,
but his paper lay unnoticed for several years until
Wilkinson (1960) began to publish the papers which
have since become a model of modern error-analysis.

Wilkinson's main result about Gaussian
elimination can be summarized thus:

Provided Gaussian elimination is carried out
in a reasonable way (about which more later), the
computed approximation 2z to the solution of

Ax = b

will satisfy instead an equation of the form

(A + AA) 2z =D
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where, although AA 1is not independent of b and
zZ , AA satisfies an inequality of the form

-s
aafl< ¢ gy N° 877 ||4]

where N 1s the order of A ,

g8 represents "1 unit in the last place"
e.g. B7° = 108 on an 8 dec. digit machine,

c 1s a modest poslitive constant, usually
less than 10, -

P i1s a small positive constant always
smaller than 3.

gy is the pivot-ratio, about which more later.

The constants ¢ and p depend upon the detalls of
the arithmetic and the norm; they will not be
discussed here. (See Wilkinson (1963) and references
cited therein.)

In short is comparable to rounding
errors in H and f the data in A 1s already
uncertain by more than a few hundred units in the
last place carried then the perturbation AA
attributable to the process of ellimination will be
quite negligible by comparison. Indeed, in many
cases the perturbation AA will amount to less than
one unlt 1n the last place of each element of A !

So, a small resldual

=b-Az =028z
1s Jjust what might be expected from Gaussian
elimination. But the error 2z - x 1s another
matter; :

z - x =-A"Y AA z , where [[aM] < & [|&] , say .
Therefore |z - x| < Ia=tll Jaall 2l
o ol
where K(A) 1s A's condition number,

-S

€ = C gy NP 8 and is very small,

and we assume that K(A) € < 1 .
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In other words, although the residual r ‘is always
small, the error 2z - X may be very large 1f A 1is
ill-conditioned; but this error will be no worse than

i1f A were in error by about ¢ 8y NP units in its
last place to begin with.

The constant g, has an Interesting history.

It is connected with the rate of growth of the
"pivots" in the Gaussian elimination scheme. The

plvot 1s the coefficient ars by which the Ith
equation is divided during the elimination of Xy -

This term "pivot" will be easier to explailn after
the following example has been considered:

Example 2.

5 ¥ X3

2x1071% -1 1\ b
As=(-1 1 1) b, ,

1 1 1/ b,
! b2 °3
0 -2 2 X

P )

0.9999999998 1.0000000002) X

2n 1.0000000002 0.999999999 X

w -

Clearly, A 1s not 1ll-conditioned at all.
But suppose we apply Gausslan elimination to solve
the equation Ax = b . Our first step could be to
eliminate X4y from equatlions 2 and 3 by subtracting
sultable multiples of equation 1 from them. The
reduced matrix should be

M1 X2, 3
2 x 10710 1 1 by
< 0 -4999999999 5ooooooooi> b, .
0o . 5000000001 -4999999999/ . b's
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But if we have a calculator whose capaclty 1s limited
to 8 decimal digits then the best we could do would
be to approximate the reduced matrix by !

%1 *2 X3

x 10~10 -1 1 b,

0 -5 x 10° 5 x 10° b', ;
0 5 x 107 -5 x 107 b'y

but this 1s precisely the reduced matrix we should
have obtalned without rounding errors if A had
originally been

1 2 I3
2 x 10710 1 1\ b,
A+ aa=| -1 0 o | b, .
1 0 0/ b,

In other words, the data in A's 1lower right hand
2 x 2 submatrix has fallen off the right hand end .
of our calculator's 8-digit register, and been lost.
The result 1s tantamount to distorting our original
data by the amount of the loss, and in thils example
the distortion 1s a disaster.

These dlsasters occur whenever abnormally
large numbers are added to the moderate sized
numbers comprising our data. To avold such disasters
it is customary to choose the variable Xy to be

eliminated, and/or the row I wlth which it 1is to be
eliminated from all other rows, l1n such a way that
the pivot ary is the largest avalilable element aiJ

in its row, or column, or both. Since the typical
computation replaces aiJ by

for all (1,J) # (I,J) ,

'o= -
a'yy = 835 - 835 apy/agg
' .
we see that maxijla ijl <2 maxijlaijl s

so that no abnormally large numbers should appear.
In the example above we might choose a,7 as the

pivot fo obtain the reduced matrix
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1 %o X3

-1 1 1 b2
0 -1.0000000 1.0000000) b'1
0 2 2 b3

(working to 8 significant digits) .
This reduced matrix is what would have resulted if

no rounding errors had been committed during the
reduction of

»
>

g R N
0 -1 1 b1
A+ AA = -1 1 1 by,
1 1 1 b3

which differs negligibly from the given matrix A .
Wilkinson's error bound, quoted above, assumes
that each pivot ary is the largest in its row or

else in 1its column of the reduced matrix, and then
8y 1s the ratio of the largest of the plvots to

the largest element In A . We can see that, since
the largest elements of each reduced matrix never
exceed twice those of the previous one,

SN = 2N—l ¢

This bound 1s achieved for A = 1 by the matrix

Example 3:
4 N
1 0 00 ... 01
-1 1 00 ... 01 ayy=-11f1>7,
-1-1 10 ... 01 _
-1 -1 -11 .. 811 1if 1 <N,
A, = . e .. . a3y = 0if 1 < J < N,
T a,y = 11f 1 <N, and
1 01) ag = A .
21 11 W
F1-1-1 ... 121 gy
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if each pivot is chosen on the diagonal as one of
the largest elements in its column, and the columns
are chosen in their natural order 1,2,3, ..., N
during thekglimination. But when we repeat the
computation with A = 2 and sufficiently large N ,
an apparent disaster occurs ‘-because the value of

A =2 gets lost off the right-hand side of our
computing register. On a binary machine like our
7094 (using truncated 27-bit arithmetic), A = 2

is replaced by A = 1 if N > 28 . An example like
this was used by Wilkinson (1961, p. 327) as part of
the justification for his recommendation that one
use both row and column interchanges when selecting
pivot aIJ to ensure that it is one of the largest

elements in the reduced matrix. This pivot-selection
strategy is called "complete pivoting" to distinguish
it from "partial pivoting" in which either row
exchanges or column exchanges, but not both, are
used.

The other justification for complete pivoting
was Wilkinson's proof of a remarkable bound for the
ratio gy of the largest pivot to the largest

element of A :

< (.2t 3l/2 4173 | 1/(N=1)y172 otk log N

Y

which is certainly far smaller than oN-1

(This bound is worth a small digression. It
is known to be unachievable for N > 2 ; and the
bound

gy <N

has been conjectured for complete pivoting when A
is real. The conjectured bound is achieved whenever
A 1s a Hadamard matrix, and L. Tornheim has shown
that the conjecture is valid when N = 3 . He has
also shown that when A 1is complex the larger bound

g3 < 16/33/2
can be achieved.)
Despite the theoretical advantages of complete

pivoting over partial pivoting, the former is used
much less often than the latter, mainly because
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interchanging both rows and columns is far more of a
nuisance than interchanging, say, rows alone.
Moreover, it is easy to monitor the size of the
pivots used during a partial pivoting computation,
and stop the calculation if the pivots grow too
large; then another program can be called in to
recompute a more accurate solution with the aid of
complete pivoting. Such is the strategy in use on
our computer at Toronto, and the results of using
this strategy support the conviction that intolerable
pivot-growth is a phenomenon that happens only to
numerical analysts who are looking for that
phenomenon.

Despite the confidence with which the computed
vector 2z , produced by Gaussian elimination or some
other comparable method, can be expected to have a
residual

r=>b - Az
which 1s scarcely larger than the rounding errors
committed during the calculation of r ,

ice. el = o - azll ~ ne™cllell + 2l HzlD

an impcrtant problem remains. How large is the

error Z - x with which 2z approximates the "true
solution" x of Ax = Db ? This question is
meaningful even if A and b are not known
precisely; we can interpret 2z to be the solution of
a perturbed system

(A + aA) 2 = Db + Ab

in which || AA]| and | Ab] are bounded in some given
way, and hence so is r = AAz - Ab . A precise
answer to the question is

-1 -1
x-z=A"r, [z-x[<a70 Izl

-1
I

but here we must know |[A in order to complete

the answer. If we try to compute a1 , we shall
instead obtain some approximation, say 2 , and
once again we shall have to ask the question

How large is the error Z - AL o

This question can be answered fairly easily if 2
is accurate enough, as shall now be shown.
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Each column 2z, of Z = {51,52, cee EN}
can be regarded as an approximation to the

corresponding column Xy of

A = X = {}_{_1’3_(_2, ces 3 EN} s

the solution of AX = I . A reasonable way to solve
the last equation is to use Gaussian elimination, in
which case each column 2z, will be computed

separately and will satisfy

th

(A + AiA) 2z = (the 1 column of I)

where |[|a4A] < e ||[A|| for some small e which

depends upon the details of the program in a way
discussed by Wilkinson (1961).

Now let R be the residual
R=1 - AZ .

It is not necessary to compute R ; we can write

R=TI-A {27525, -+ » zyt = {8,Az2,,85A25, ..., ANAEN},
in which each column A;AZ, of R 1s bounded in
norm by

Hashzsll < <Al fz4ll -
Therefore

o =Rl < n llal ]zl
where n/e depends upon N and the norms; usually
n/e < Nl/2 .

Since € can be predicted in advance, so can n ;
and it 1s possible to check whether

n flallliz] <1,

in which case p < 1 and the following argument is
valid:
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A=t <lzli+at-2) = |2+ A~ Cz-Az )| =|jz||+ A~ R]

<lz)+ A e
Ia~ <)z ll/(1-p) -

Then fla~t_z| < la= o < Nzl or¢a-p) .

The last inequality says that, neglecting
modest factors which depend upon N , the relative

error l,A-l-Z"/”Z" is at worst about K(A) times
as large as the relative errors committed during
each arithmetic operation of Z's computation. In
other words, if A 1s known precisely then one must
carry at least log,, K(A) more decimal guard
digits during the computation of A_1 than one
wants to have correct in the approximation Z , and
one can verify the accuracy of Z at the end of
the computation by computing njA||Z| -

If the method by which an approximation 2

to A_1 was computed is not known, there is no way
to check the accuracy of Z better than to compute
R and p directly, and this calculation is not
very attractive for two reasons. First, the
computation of either residual

R = I-AZ or I-ZA

costs almost as much time as the computation of an

approximate At ; both computations cost about N3
multiplications and additions. Second, if K(A) is
large then ||I-AZ]] and || I-ZA|| can be very
different, and there is no way to tell in advance
which residual will give the least pessimistic
over-estimate of the error in 27 .

(o=llT-AZ| = []a(I-28)A"L] < K(A)|I-2A| etc.)

Both residuals can be pessimistic by a factor 1like
K(A) . Finally, although a better approximation to

Al than 2z 1is the matrix

Z, =2 + Z(I-AZ) = Z + (I-ZA)Z

1
(because [I-AZ, [ = [[(I-A2)?| < |1-Az|? ) ,
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the computation of Zl i1s In most cases more costly
and less accurate than a direct computation of an

approximate A'l using Gaussian elimination with
double precision arithmetic. For example, on our
7094 it takes less than twice as long to invert A
to double precision (carrying 16 dec.) than to do
the same Job in single precision (8 dec.), and the
double precision computation has almost 8 more
correct diglts In its answer. But Zl has at most

twice as many correct digits as Z . Therefore, if

Z comes from a single precislion Gaussian elimination
program, it will have about 8-log K(A) correct
digits. Z; will have 16-2 log K(A) digits at

best. The double precision elimination will produce
about 16-log K(A) correct digits. Thus does
engineering technique overtake mathematical
ingenuity!

The solution of Ax = b for a single vector
is not normally performed by first computing

X
A~} and then X = A'lg for four reasons. First,
the vector Zb , where Z 1s an approximation to

A'l s 1s frequently much less accurate than the

approximation 2z given directly by Gausslan
elimination. Second, the direct computation of the
vector 2z by elimination costs about 1/3 as much
time as the computation of the matrix Z . Third,
if one wants only to compute a vector 2z which
makes r = b - Az negligible compared with the
uncertainties in b and A , then Gausslian
elimination is a satisfactory way to do the job
despite the possible 1ll-condition of A , whereas
b - A(Zb) = Rb can be appreciably larger than
negligible. Fourth, Gaussian elimination can be
applied when A 1s a band matrix without requiring
the vast storage that would otherwise be needed for
AL, The only disadvantage that can be occasioned
by the lack of an estimate Z of A1 is that
there is no other way to get a rigorous error-bound
for z - x . This dlsadvantage can be partially
overcome by an iterative method known as
re-substitution.

To solve Ax = b by re-substitution, we

first apply any direct method, say Gaussian
elimination, to obtain an approximation z to x .
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This vector 2z will be in error by e = x - 2 , and
he = A(x-z) =b -Az =1,

which can be computed. (It 1s necessary to compute
r carefully lest 1t consist of nothing but the
rounding errors left when b and Az nearly cancel.
Double precision accumulation of products is
appropriate here.) Clearly, the error e satisfies
an equation similar to x's except that™ r replaces
b . Therefore, we can approximate e by £ s, Say,
obtained by repeating part of the previous calcula-
tion. If enough intermediate results have been

saved during the computation of 2z , one obtains f
by repeating upon r the operations that transformed
b into 2z . The cost of f 1n time and storage is
usualliy negligible.

Now z' =2z + f 1s a better approximation to

X than was 2z , provided Z was good enough to
begin with. We shall see that this 1s so in the case
of Gausslan elimination as follows:

(A + 8j4) z =Db , where |[a,A] < ef]A]l.
r =Db - Az , say exactly for simplicity.

Izl = llajazll < elall fz[ »

and this inequality is not normally a wild over-
estimate,

(A + AgA) f=x, "AgA" < e[lAfl
r' = b - Az =r - Af = AAf , SO

Izl < elal 2] < efaf [Ca + 8,07 |z

| A

A

e K(A) ||z|l/(1 - € K(A)) 1f e K(A) < 1 .

And if ¢ K(A) << 1 then ”r'" can be expected to
be much smaller than "rll z' 1s renamed =z
the process can be continued We “have left out
several details here; the point 1s that the process
of re-substitution generally converges to an
approximation 2z which 1s correct to nearly full
single precision, provided the matrix A is|farther
from a singular matrix than a few hundred units in
its last place. The problem is to know when to stop.

]
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The word "convergence" is well-defined
mathematically in several contexts. But the
empirical meaning of "convergence" 1s more subtle.
For example, suppose we consider the sequence

295255 vy Zps oeee of successive approximations to
x produced by the re-substitution iteration, and
suppose that Zn T Zne1 T Eme2 T vt We should
conclude that the sequence has converged. And if
-2z, is a good deal smaller than
z -2

2,0 Zpo1l o We should incline to the belief that

the convergence of the sequence 1s not accidental;
there is every reason to expect Z, to be the

Zm-1

correct answer X except for roundoff in the last
place. But a surprise is possible if A 1is
exceptionally ill-conditioned:

Example 4. Here is an example of a 2x2
system with

n= (3647 5166) ana p - (-2833).

We shall use Gaussian elimination to compute a first
approximation 2z +to the solution x of Ax = Db
Then r = b - Az 1s computed exactly, and the
solution e of Ae = r 1s approximated by £ ,
obtained again by Gaussilan elimination. 2z' =2 + f ,
and r' =Db - Az' .

We shall try to calculate x correctly to
3 sig. fig's. It seems reasonable to carry one
guard digit at first, since we can repeat the
calculation with more figures later if that is not
enough. We shall truncate all calculations to
4 sig. fig's., just like our 7094 (except that it
truncates to about 8 sig. fig's.). Intermediate
results enclosed in parentheses are obtained by
definition rather than by means of an arithmetic
operation.
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Comment Equ'n Coef. Coef. Right hand

no. of x, of Xy side b

1st pivotal row is ... E1 .8647 .5766 .2885
LU4327/.8647=.4998 E2 L4322 ,2882 L1442
.U998xE1 is ... El1' (.4322) .2881 L1441
E2-E1" .o E3 ( 0 ) .lxlO_3 .lxl()_3
E3/.1x1073 ... 22 (0 ) (1) 1.000
.5766xZ2 e E3! ( 0 ) (.5766) .5766
E1-E3! .o E4 (.8647) ( 0 ) -.2881
El/.8647 cen zZ1 (1 ) (o) -.3331

Our first approximation is z = (-.333%
1.000,

Next we compute r = b - Az exactly using double
precision:

Residual of El ... Rl -.6843x10"
Residual of E2 ... R2 -.3418x10"

We get f Dby repeating upon r the operation which
transformed b into 2z

49§8xR1 ... R1' —.3420x10"
R2-R1' ... R3 .2x10”7
R3/.1x1073 ... F2 .2000x10"
.5766xF2 ... R3' .1153x10"
R1-R3' ... RY -.1837x10"
RU/.8647 ... Fl —.212U4x10
. [.3331 _[-.2128)_. -3 e [-.3333124
z'= (1.000) » £ = ( .2000)*10 > E"—*—‘(l.ooozooo)

Clearly z' 1s so close to 2z that either is an
acceptable 3-figure approximation to x . But, just
in case there is some doubt, we compute

r' = b - Az' = (-.00000008772\ ,
.00000002072
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which is reassuringly smaller than r

Is x = (E:SSS) to 3 sig. fig's? No, Xx = (—%)

The only clue to A's ill-condition is the
cancellation in E3 . If there were time and space
available, an example could be constructed of
sufficiently high dimensionality that severe
cancellation would not occur to warn of the disaster.
Presumably this kind of disaster is rare in practice,
because none has yet been reported elsewhere. Indeed,
a prominent figure in the world of error-analysis has
said

"Anyone unlucky enough to encounter this
sort of calamity has probably already been
run over by a truck."

But being run over by a truck can hardly go
unnoticed.

Despite the risks, re-substitution is the
most reasonable and efficient way to check and
improve the accuracy of an approximation 2z when
the matrices A and b are known more precisely
than to within the uncertainties AA and Ab -
in the perturbed equation

(A + AA) 2 = Db + 4b

satisfied by the product 2z of Gaussian elimination.
For fuller detail, see Wilkinson (1963) pp. 121-126.
But if A and b are intrinsically uncertain in,
say, their fourth decimal place, and if Gaussian
Elimination has been carried out with about 6 to 8
sig. fig's and with a reasonable pivotal strategy,
then re-substitution may well be pointless, since

the errors committed during the elimination will be
negligible compared with intrinsic uncertainties.

5. Pivoting and Equilibration. How reliable
are the sizes of the pivots as indications of a
matrix's ill-condition? Is it true that a matrix is
ill-conditioned if and only if some of its pivots
are small? Most people who are experienced with
hand calculations would answer "yes" to the last
question unless they have tried to test their belief
on problems of high dimensionality with the aid of
an electronic computer. When the dimensionality of a
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problem becomes large (say > 30), much of our
experience and intuition with small dimensionality
(say < 5) becomes misleading. The following
examples are designed to correct misleading
impressions.

MIS-STATEMENT NO. 1. The determinant of A
1s the product of the pivots encountered during
Gaussian elimination (to within a * sign); and since
a singular matrix has determinant zero, and det A
i1s a continuous function of A , an ill-conditioned
{nearly singular) matrix must have a small
determinant and hence must have at least one small
pivot.

The flaw in this argument 1s the same as that which
Il/N is a continuous function of
X no matter how large N may be, |x|1/N must be
small when x is small. The trouble is that two
"small" numbers can still be relatively very different.
A matrix counterexample is

says that, since |x

Example 5.
1 -1 -1 ... -1
0 1 -1 ... -1 aiJ =01ifi1i>3 ,
0 0 1 ... -1
A= . .o . a1J =-11if 1 <3 ,
1-1 a =lo
o ... 1 i
NxN
Here det A =1 , and every pivot can be 1 , but
A can be made singular by subtracting 21_N from
all 849 - Therefore, when N 1s large A differs

negligibly from a singular matrix, and must be 111-
conditioned. The 1ll-condition of A 1is not
"caused" by a large number of nearly equal elements,
as some observers have suggested, because |[if all
-1's in A are replaced by +1l's then A becomes
the well conditioned inverse of

(11 0... 0)
0 l-l e e 0 0
0 0 1. 0

1 -1
‘0 * o 0 0 1‘
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The foregoing examples indicate that Gaussian
elimination is a poor way to determine the rank of
a matrix because a few rounding errors may suffice to
cause none of the pivots to be small despite a
theorem which says that, in the absence of rounding
errors, the rank of a matrix is the same as the
number of non-zero pivots generated during Gaussian
elimination with both row and column pivotal
interchanges to select maximal pivots.

Most other methods for determining rank fare
no better in the face of roundoff. For example, the
Schmidt orthogonalization procedure can be described
in terms of an orthogonal projection of A's n-th
column &, upon the space spanned by the previous

n-1 columns 21’“"" a,_, (see Householder (1964)

pp. 6-8 and 134-7). The columns can be interchanged,
if necessary, in order at each stage to maximize the
distance from a, to the space of 815 cees B 7 -

If this is done, the rank r of A will become
evident when 8rt1 Bpyos v and ay all have

distance zero from the space spanned by 215 855 s
and a, - However, if A 1s merely nearly singular,

there is no guarantee that any of the distances
mentioned above will be anywhere near as small as
the distance between A and the nearest singu
matrix. Difficulties arise whenever "A_H<<"A" vl
for some vector v whose components vy can be

ordered in such a way that they steadily decrease in
magnitude to a point where the smallest component is
negligible compared with the largest. The following
example i1llustrates the phenomenon:

a. 0 if 1i > ]

ij
ay = st for 1,j = 1,2, ... , N
_ i-1
aiJ = -Cs if i < j
2 2 _
Here N 1is large (N > 30) and s~ + c¢” =1
th

Since A 1is upper triangular, the n column of A
is distant a n from the space spanned by the

previous columns. Also, this example has been so
chosen that no column interchanges are needed to
maximize the distance, since ns 841 o o and

ay are all equally distant from the space spanned
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by 815 855 oo 1 ¢ The smallest distance

:!‘DJ

a, 1s ayy = gN-1 . How much smaller than ayy
is the distance [ AA|| between A and the nearest

singular matrix A + AA ?

2

By examining the vector Av , where

N-i-1

= ¢(1l+c) except v, =1,

vy N

we can show that

"AA”/aNN = O(l/(1+c)N-1) as N » o ,
0(1/(1+/1-aNN2/N)N) X

For fixed ayy = ¢ 0 , the righthand side tends to
zero like

1/[a exp/-2 (N - 1/3 log o) log « ] as N » = ,

For fixed N , it is like 2N as agyy * 0. In
other words, A can be closer to singular than
anN by orders of magnitude if N 1is large.

No simple method 1s known for computing the
rank of a matrix in the face of roundoff. An
effective but complicated method has been given by
Golub and Kahan (1965).

MIS-STATEMENT NO. 2. The reason for pivotal
interchanges is to prevent incorrect answers caused
by the use of an inaccurate small pivot.

This statement seems reasonable in the light
of the 2x2 example at the end of section 4 of
this paper, where cancellation in E3 produced a
tiny pivot .0001 whose value consisted almost
entirely of rounding error. And the computed
answer was quite wrong. Post hoc ergo propter hoc.

However, the pivot 2){10_10 in example 2 is quite
accurate, yet any answer gained by its use 1s
likely to be wrong.

Now, what can one mean by the accuracy of a
pivot? The meaning would be clear if the object of
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our computation were to calculate plvots, but that
is not our object. We wish to satisfy a set of
linear equations, and the computed solution 2z c¢an
come very near to satisfying Ax = b even though
almost all pivots are entirely different from what
they would have been in the absence of roundoff. 1In
example U, Rl and R2 are as small as one could
reasonably expect from 4-figure working, and remain
so even when the plvot .0001 is replaced by, say,
.0002 . There are occasions when a small residual
is all that 1is wanted (see the discussion of
elgenvector calculations below). 1In such a case,

we must conclude that small pivots have not prevented
a correct answer from being produced. Besides,
plvotal interchanges do not prevent small pivots.

What 1s the significance of a small pivot?
In the absence of other information, none. For
example, if A 1s a diagonal matrix

_ -1
a44 = 10 exactly ,

then the system Ax = b can be solved trivially

and precisely (in decimal arithmetic) despite tiny
pivots. On the other hand, if we are given a matrix
norm such that all perturbations AA of equal norm
laa]l are considered equally important, and if we
measure the ill-condition of A 1in terms of this
norm, then a small pivot tells us that A 1is 111-
conditioned as follows:

If the rows and columns of A are ordered
‘properly to begin with, the process of Gausslan
elimination can be identified with a triangular
factorization

A=LU - E

where L is unit lower triangular(zi =0 if 1i<J and &, ;= 1),
U 1s upper triangular (u —0 if i>j) , and

E is the contribution of roundoff.
(See Wilkinson (1963).)
If partial pivoting is used, Iz | <1 fori >3 .

If complete pivoting is used, |uijl lug | too.
The plivots are the numbers Uyy s and

el < elldl ol
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where ¢ 1s comparable with the relative error
assoclated with one rounding error (e 1s about

10-8 on our machine).

Suppose, now, that some pivot Uy g is small.
Then let U+AU differ from U only in that u
is replaced by zero. Therefore,

ii

A+ AA = A+ E + LAU = L(U + AU) 1is singular .
And [[aA]l 1is of the order of | L|j(eful + lugy 1)

Since h illL" < N for most norms of interest here,
and Jlufl = Ngy Al in most cases of interest (g,

was the pivot-growth ratio), one perturbation
AA  that makes A+AA singular is of the same order of
magnitude as the smallest pivot Ugy - And since

"AAy > [[A]]/K(A) , the condition number
K(A A /(N|uii|) . A small pivot implies 111-

>
condition with respect to the given norm.

The foregoing argument also shows why pivotal
interchanges are necessary. They help to keep |U||
from growing too large, thereby contributing to
keeping ||[E| small, and this last is what we want.

The error in example 2 when 2x10_10 is used as a
pivot illustrates the consequences of allowing |U||
to grow too large. Had any other element of A
been chosen as a pivot, no such error could have
occurred.

MIS-STATEMENT NO. 3. If A's condition
number K(A) 1s very large, and if A and b are
uncertain by a few units in their last place, then
no numerical method is capable of solving Ax = b
more accurately than to about K(A) units in
x's last place.

This statement would be true if the
uncertainties in A , b .and X were measured in
the norms corresponding to K(A) . The most
appropriate norms for b and x would be such that
perturbations of equal norm were equally likely or
equally costly or otherwise practically
indistinguishable. But rarely in practice is an
appropriate norm chosen on that basis. Usually one
of the Hvlder norms is chosen on the basis of
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convenlence, and such norms can be terribly
inappropriate.

Example 6.
2 -1 1 2
Let = (-1 107%% 1071%)ana & = (-10'1‘)) ,
1 10710 10710 10710

with a relative uncertainty of 10—8 in each
element. In other words, A + AA 1s acceptable in
place of A provided lAEijl < 1078 IEijl . If any
of the aforementioned Hbvlder norms are used, the
condition number of & 1s at least 10°° because
there exists a AR with | aR] < 10710 [E]] such

that A+aR is singular. Therefore, when Gaussian
elimination carried out with eight sig. fig.
arithmetic gives no useful answer, one is not
surprised. "The system 1s ill-conditioned.”
However, the true solution 1s

10-10
= | -1
1

with a relative error smaller than 10-7 in each
component no matter how A and E are perturbed,
provided only that no element of A or b 1is

changed by more than 10-8 of itself. This system
is well conditioned! But not in the usual Holder
norm.

1%l

Example 6 can be obtained from example 2 by
a diagonal transformation;

A = DAD with D = dlag (10° , 1072 , 107°)

This transformation does no more than shift a
decimal point 10 places left or right. If Gaussian
elimination is applied simultaneously to the

matrices A and A , then the results in both
cases will be identical down to the rounding errors
except for the 10 place shifts of decimal point.

But example 2 teaches us not to use 2x10720 a5 a
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pivot, whereas the most natural pivot in example 6
is the corresponding element 2. Any other pivot
would be far better.

This is where equilibration comes in.
Equilibration consists of dlagonal transformations
intended to scale each row and column of A 1in such
a way that, when Gaussian elimination is applied to
the equilibrated system of equations, the results
are nearly as accurate as possible. In other words,
the system

AX = b

is replaced by
(RAC) y = (Rb)

where R and C are diagonal matrices. Then
Gausslan elimination (or any other method) is applied
to the array {RAC, Rbl} to produce an approximation
to y and hence to x = Cy .

How should R and C be chosen? No one has
published a foolproof method. The closest anyone has
come is in a paper by F.L. Bauer (1963) in which the
R and C which minimize K(RAC) are described in
terms of an eigenvalue and eigenvectors of certain

matrices constructed from A and A—l . But no way
is known to construct R and C without first

knowing At

There is some doubt whether R and C
should be chosen to minimize K(RAC) . The next
example illustrates the problem; the reader should
write out the matrices involved in extenso for N = 6
to follow the argument.

Let AA be the NxN matrix defined in
examplé 3, and let

R=adiag (3 ,% , o.. , 227N p1-N H51-Ny .14
C=diag (1,2, ..., 283, N2
We observe that A.~% = (RA:C)Y , so A, and A."%
1 ¢ 1 1

are both well-conditioned matrices with elements no
larger than 1.
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Let u= (0, 0, 0, ... , 0, 1) and note
that

Ay, = A+ u ET .

2 1

Therefore, by a slmple computation,

-1, -1 1-N -1 o, -1
A2 _Al -(1+2 }Al EE Al .

Now recall that when row-pilvoting alone 1s used wilth
A2 , the result can be an error tantamount to

replacing A2 by Al , and 1f no other errors are

committed then one wlll compute Al-l instead of
Az_l Note that, when the usual Holder -norms are
used,
-1 -1
la,-2 0 /0a 0 = 0(1) ana A, Tha, 7t = 0(1)

Next observe that either complete or partial
plvotlng can be used with RAEC ; the result 1s to

make an error whlch replaces RAEC by RAlC . But
now

Ik c - raycl/lrajcll = 02™) ana
I (Ra,0)™% = (RA,O T/ (R, TH) = 0 (27N .

In other words, desplte some hocus-pocus
wlth shifted binary points, the error made in
applying Gausslan eliminatlon to RAZC 1s the same

as that made with A2 , except for a change of
scale. But the former errcor looks negligible and

affects (RAzc)'l negligibly, whereas the same
errors look disastrous in A, and Ag_l . And
nowhere is there any ill-condltioned matrix, nor do
any of the matrices look poorly scaled by tne

usual criteria!

The moral of the story is that the choice of
R and C should reflect the norms by which the
errors are being appraised. But nc one knows yet
nwaniaale hoy to effect such a choice.
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