
SYMF: Work in Progre~s July 13, 1990 

Twenty Challenges for Computerized Symbolic Algebra Systems 

A factorial identity: 
0 .. S :i. mp l i f y ( :{ 2 ) ( (::,: -· 1 ) ! ) :? .. M. ( ~-! ! ) 2 • DER I VF 9 Pt. s O c1 t on r.: P .. 

MACSYMA requires that MINFACTORIAL be ir• force ta gFt it. 
MATHEMATICA has first to be told that ~! = x (x-1) ! . 

A Jump: 
1. Simplify A<x> 

DERIVE qets 
most systems" 

: = arc t an < ::-: ) + at"" ct an ( 1 ./ >: ) to s i g n (Re ( >: ) ) TT/ 2 . 
sign<x> n/2 ~ correct only for real x . Like 

MATHEMATICA leaves ACx) unsimplified. 

2. Before simplifying A(x) above" differentiate it to get a 
rational expression, and simplify that. Like most systems, 
DERIVE and MATHEMATICA simplify dA(x)/dx to O without 
noticing that thi5 is wrong when 

3. Simplify ~(x)~(y) - ~(x y) when x ~nd y are re~l or 
complex. DERIVE leaves it alone, which is correct. unless 
either x or y is ncmnegati ve" in whi ct·1 case DERIVE gets 

4 .. 

0 a: which is cc;n-e·ct then.. M,~THEMATICA get1:~ 0 regardless 
of the puzzlement caused when x = y = -1 

Si mp 1 if y 1' < v < p 4 + 1 > + 1 > 1' < 1' < p 4 + 1 > - 1 > 
DERIVE gets it. but MACSYMA and 

-· p 2 to 0 
MATHEMAT I C~1 

for real 
can't. 

p . 

5. Evaluate Sif(Cx+1)/(x-1)) d~ ~ assuming real variables. 
DERIVE gets a correct ( even for x < 1 ) result 

( ~-{ - 1 ) t" ( ( >: + 1 ) / ( N - 1 ) ) -· 2 l n ( ( v ( ( ~-: + 1 ) / ( >: - 1 ) ) - 1 ) t' ( N - 1 ) ) ; 
but then DERTVE CF.t.nnot simplify its de-ff·ivative d( ... )/dx 
tQ recover the original jnteqrand~ 

(:>n Sirnr·l j_fy CO!:i-h (y(-z') - cos (·f~~) to O fc,r· al 1 comple·:-: z , 
but not si nh <t"C-z)) - l sin <v:z > . ( l = v-1 > DERIVE can't 
do the first. The second vanishes only if Arg(z) ~ 0, but 
soim::· systf:~ms "simplify''' it to O -fnr e1ll z .. 

Two 1 j rni. ts: 
.. 7 
,I • l n ( >: - e:l) _______ + 

(a-b) (a.-c > (b-c) (b-a) 

= S d>~/ < (x-a) (x-b) <x-·c)) • 

+ .. JJJ ( ~-, -·c > 
(c-a) (c-b) 

Evaluate lim H(x) as x -➔ +oo. lhe right answer is 0 
DERIVE gets it~ and so does MACSYMA after the TLIMIT 
cc.:.r;w,and. MATHEMATICA gets the E~>:pressi ori 

INFINITY_ ... + __ _I_NFINITY + _I_NF.IN.I.TY .. 
( a--· b ) ( c1. ·-c ) ( b --· c :> ( ti • - a ) ( c - c;:1 ) ( c ·--b :; 

c::tt first 11 and then sirnplifie~- it to O ~ which is an 
i nst~ncf? cd the r· i. qh-L c:,nswer· f □ t- the wr·ong r·eason.. I wonder 
L•1h~t M;ffHEMAT ICA c-k,e-s wj_ t.h the limit of 
~:_(:-;) = :z(c--t.,) Jr1(~-:-~_} -i 1:,::1--·c) lrr(>:~-2b>:+b 2 ) + 2(b-··eo.) ]r,(}·:···c). 
DE•:: 1 V [ q f:? t =- 1 i rn V ( + 00) = (; and l i rn I< ( ·-· C(I) = 2 ( c -·· a ) l rr O • K • 
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In'Lecwal = ~ 
Sy·mbol j ,::: Al qe,br··a S\l::::-terr,5. tend to cmnpLite S ;,~H-• d;-: = ;,:N/N ,~ 
with perhaps a warning about N = 0, usually without. We 
,,,ould a:r 1 he better-· served b·y' S ;,~N-i d}: = (>:"' - 1) /N with 
recourse to l'Hopital's Rule for 0/0 when N = 0. 

8. Evaluate the indefinite integral 
~J ( z ) : = S ( z 4 . - 3z 2 + 6) dz / ( z 6 - 5z 4 + 5z 2 + 4 ) 

= arctan ( (2z 2 +1) (z 2 -3) z/ (z 6 -:::!;z 4 +2z 2 +2)) + 3 a.rctan z , 
and then the definite integral W(2) - WC-2) = 5n/2. DERIVE 
and MATHEMATICA can't find it at all. It is easy to bungle. 
And DERIVE cc1n't make 6 arctan(l/2) - 2 arctan(9/13) = n/2. 

9. EvaluatP symbolic~lly the definite integral 
SA d>:I( (N+l > (>:+2) (~<+3) + 1/100000 > = ().08494 ... . 

DERIVE gets it= my version of MATHEMATICA doesn't. 

10. Evaluate th~ indefinite integral 
S (y 2 + 2x + 1) d~/(~ 6 + 6x 5 + 15~ 4 + 20x 3 + 15x 2 + 6x + 2) 

or· i ts a 1 q e b t- a 1 c e qui v c:t. l. en t f rn'" rr, S ( .,: + 1 ) 2 d >: / ( ( >: + 1 ) 6 + 1 ) . 
The right answer- is ai--·ctan(b:+1) 3 )/3. Also try the definite 
inte~ral SI ... dx = (n/12> - arctan(l/8)/8 = 0.22034 .... 
DERIVE handles the second form but not the first. 

11. Evaluate for real x and z the double integrals 
S: ( S!'m v dt/(t 2 +y=i > d-.,,, ancl S~m ( H y dy/(t 2 +·v2 ) > dt . 

DERIVE 9ets <lzl - lxl>rr correctly for both. MATHEMATICA 
gets both wrong and different. MACSYMA asks questions. 

12. Evaluate for nonnegative x the double integral 
V (:;.: ) : = s ~ s:: r ~ 5 i n ( t ) d t d ,.- / 1' ( N 2 + r 2 - 2 :-! t- COS ( t ) ) . 

This is the negative oi the qravitational potential exerted by 
e1 homc:rgenec,L1s sc:•l id spher--e cit a di stance }•: from its cente,,-. 
MATHEMATICA gets it wrong. DERIVE gets correctly 

\l ( ;-: ,) -· ( 2-··· ;{ ) ( 1 -t-;.: ) I 1 - }•: I -· ( 2 + >: ) ( 1 -- ~-; ) I 1 + x I ) / ( 6 >: ) 

= 2/ (3:-:) 
if O :~;. :-: :::;. 1 , 
if >: -~~ 1 • 

13. Evaluate for real x the integrals 
S!!n dt/(1 - >:/e}•:p( tt)) ( l 2 = -1 ) and 
S!:!n (1 - >: cos(t)) dt/(1 + x 2 - 2N cos(t)) .. 

DERIVE gets correctlv n: - rr sigr,((>:+1)/(x-1)) . 
MATHEMATICA gets O unless x has a numerical value. 
MACSYMA asks a blizzard of questions about x , some of them 
irrelevant but difficult; if answers are inconsistent it puts 
out an utterly wronq result 4n. 

I rnpt .. c:,p e1·· In tc~ .. cH ... cd ~ = 
14. Many systems compute S! 1 dx/x 2 = -2 with no warning. And a 

::,v~;tt::,n that t.t-·ie;:; tc:i cletec:t J.r11pt-oper- 1nte~wals car, fail. For 
e>: ample 1 et E ( ;•: > : = e ic - >: • , so E' ( ;-: ) = e"' - e>: • - ' and 
E II l ;-~ ) = if-·.. ·- ~ ( t; -· 1 ) ;-; • - 2 • 

49. n d S ~ E " ( >: ) d ~-: / E ' ( ;1 ) N • 1 

w j 1 1 b e. rl E· t: f:• c t t:-' d 1,-j h ~ r, t ~ 

r,~y to cc1mpute s~ E' (>;) d>~ /E (>:) N+ t 

to s~e whether their impropri~ty 
1.) 
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Simple inequalities: 
15a Sllppose- >:, ::: 0 and that ~•;n+I = l>;n I - ~-:n-1 fot- n > 0 . 

( Cf. M. Brown (1985) Amer. Math. Monthly v. 92, p. 218. 
Deduce th~t Xq = Xo and x,o = X1 • The proof can be broken 
into cases according as xo/x, lies in one of the intervals 
into which the real a~is is broken by the values -2~ -1. 
-1/2~ Oq 112~ 1, 2. How few such breaks does your system 
need? DERIVE gels by with breaks at O and l . 

Inverses of even complex functions: 
16. Simplify (arccosh(z)) 2 + (arccos(z)) 2 to O. Many 

systems can't do it. Old versions of MACSYMA have a faulty 
definiti8n ·for arccosh ~ newer versions use ATRIGHSWITCH. 

A ci€~1""ivative: 
17. Simp]ifv (cl,'cl:-:)" c:os(r·, arcc:n1::,(::.:)) jf. should be 2n- 1 n 1 

DERI'v'E qets j_ t for· smal 1 integet-s n if ·-1 \. >~ -~ 1 . lhE~ 
qer,et-al c:a:.e requires eithf?r an unobvioLt~. induction or 
recoqnition of Tchebysheff polynomi~ls. 

Graph pl.attin~: 
18. This is the second line of defence against improper integrals, 

so qraphs with bumps should excite curiosity. Many systems 
limit themselves tG the harware floating-point when plotting~ 
Thj s cc:1.n mi ~-1 ead spectator::- ..,,hen S <:-:) : = IE: + >t I - B is 
plotted over. s~y~ 0 < x ( 7 for extremely big values B ~ 

say B = 2~ 3 or 256 Is S(x) really a step function? 

19. E:-a:iressians so simple c:1.s y(::,:) := 1 + x 2 + ln(f1 - 3(>~-1) f )/80 
plotted over O < x < 2. rouqhly. have bumps that can hide 
from view when the plotter scatters points too sparingly to be 
sure of placing one near th~ bump. Vary the end-points of the 
plotting interval a little to see a spike come and go . 
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