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Periodic Integrals vs. Prohibition of tan(n/2) = o .
W. bkahan
Uriv. of Calif. =t Eerkeley

Abstract: Attempts to compute tanin/Z) o tan{?0°) can cause
a calculator to beep or blink., & computer to crash or complain.
Frohibition is the American Ways but prohibiting 0 is as futile
as prohibiting whisky, and would complicate derivations of neat
formulas for integrals of comtinuous periodic functions regardless
of whether ® appeared in those formulas’ final forms.

The Dilemma posed by tan(nr+n/2) .
We can agree that tan(n/2) must be infinite but we cannot agree
upon its sign without violating one of the two familiar identities
tani—7) = —tan(r) and tan(r+n) = taniT)

at T = -n/2 3 they imply tan(n/2) = tan(-n/2}) = ~-tann/2) . If
we wished to do so, we could so define tandr?) that only the
second identity would be violated, and that only at 7 = —n/2 3
for instance we could set

tandinn + n/2) = +signuminn + n/2) ® for all integers n .
We shall do so only forr n = -1 and O . What follows takes signs
of infimite values of tani...} intoc account no matter how they
are chosen so long as they are ftixed in advance and compatible

. .

with assignments arctand+o} = +n/Z and arctan(-o) = -g/2 .

PHRAC and TINT .
Feer &ll real o define
FHRAC (v} (= arctanitanienl))/n and TINTiw?! = w — FHRAC(w) .
Evidently TINT/w? is the integer nearest « , identical to the
Fortiran function MNINT(w) ewcept perhaps when © = n+1/2 ieg a
nalf-integer;
TINT/ o + 1/2) = n when tandnm+ /23 = +00 ,
nee = n+l when “o = -0 .
The giraph of TINT{w! 1is & staircase ascending from lower left to
upper riaght. The graph of FPHRAC(w?!? is saw-toothed like -this:
- A~ — - =,
with ~1/2 < PHRADw? < 1/2 except that
FHRACOR + 1 /72) = signum(taninn + /20 /2 .

A Procedure for Periodic Integrals.
Given & continuous pericodic real function pdrt with pericd n ,
the customary way to evaluate the indefinite integral

Jdird = §pir2 dry
symtralically is to substitute 71 = arctani . then compute

Fig) = §{plarctan&) dg/ (1 +E2) ,
and fineliy set J(r) 1= P(tan 72 + ¥ for some constant v .
This procedure is motivated by the expectation that Fd...J) will
Mave fewer singularities tham J¢...J and bz therefore easier to
recoqnize. But this procedure can run T through at most one
el i Ol and hence must fail to deliver dJ e e d correctly when 7
ranqes over more than one period.

For insteance, suppose piTt) =1 . Then F/&) = arctand{g? and we
wieanl] o et GOt m arTiencLan 14 8y = o0 FHRGD S v instead of
deass =T o4y, The error ¥ - FHRAC v /nd = n TINT v/ wd ie

piecewi se conztant, s its derivative vanishes almost evervwhere.
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For another example take pivt) = 4/(5 + T cos Z7) . For which
Fig) = arctandg/2) would vielao divt? = arctandtaniTi/72) + vy
instead of & correct J(7) = a1 - arctan(sin272 /(3 + cose 2t)) + v .
The error 7 — arctan(sin(Z7)/ (3 + cos 21)) - arctan(taniT}/2)

simplifies again to n TINT(1/ni ., though that is riot obvious.

( The current version, 1.6%2, of DERIVE gets a formally correct
Jf7} = 7 - arctan(sin(27//(1 + cos 21)}) + arctanisin(27)/(2 + 2 cos 27))
which is unsatisfactory when 27r/n is an odd integer because then
the two arctens’ arguments become ©/0 , requiring that limits be
taken to ascertain that both arguments approach the same ® .)

The Secular Term 7 AP/ .

Alimost two centuries ago, astronomers and geologists coined the

phrase secular term to represent the non—-periodic part of the

integral Jdr) = §pdr)dr of a periodic function p(7’ . I+ p

has period n  then the secular term is T §24%2 p(Q) do/n + const.

The coefficient of 7 is the sverage of pd(r}) over one period.

After the substitutian v = arctar g changes § piTt dr  into

Feg) = fpifarctan &) de/ (1 + E2) that coefficient turns into
O/t (Fidph) - FO-0)) Ao

Thiszs Iz the ptace “rom which ® cannot easily be removed.

Subtiracting the secular term from Ji7? tuwrns it into a periodic
continuous function
Jérd — v &HF/n

Sipdr) - &F/n) dy
Sipiarctan &) — AF/n) dE/ (1 + E2)
FreE) - {AF/r) arctandg) + v
Fetam 1) — (&F/m) arctandtan 72 + v
for some constant v . Consequently, & correct derivation of J
frrom F  vyields a forula involving 4&F/n thus:
Jiz! = PF(tan 1) + (LHF/m) (7 - arctandtan T3) + ¥

= Fditan i + (AF/m) TINTd 7/m) + v .

This iz about asz simple @ Tormuia as can be expected In general.

]

For example, whern pdr) = [cos Tl we find that
F(R) = S dE/ (] +82)3/2 = E/y/(]1 +E&2) = signum(§)/yil + 1/§2)
s O&/n = Z/n and hence fpiT) dr turns out to be
Jir) = signumdtan 72 JsinT| 4+ (2/7Y (7 - arctan(tan 7)) + v .

( DERIVE 1.6% qgets a less satisfactory result
it} = signicos 7) sinT + 2/mY (7 = arctan(tan 77) + ¥
which becomes problematical whien cos1 = 0 .)

Simplifying J(7v2) .

In the special case that pdr)? is a continuous rational function
of sinZ7 and cos 27 ., substituting 7 = arctan & transforms
its integral into an inteqral F¢5) of a smooth raticnal function
prtan §J/(1 + §2) with no poles on the real axis, not even at 0.
Consegquently FJE5) can have no real poles eithers it must be =«
linear combination of rational functions of § and arctangents of
rational functions of & . Thetefore the cuntinuous periodic
function Jdr) - v (&F/n) = F(5}) — (&F/n) arctan(g§?) + v consists
ot a linesar combination of bounded rational functions of & and
arctangents of possibly unbounded rational functions of § . If
any arctangants junpg when their arquments pass from +0 to -0 ,
their jumps must collectively cancel. Therefore, some way must
exist to consolidate them into arctangents with no jumps.

~
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Consalidation reguires perhaps repeated application of an identitvy
arctandx) — arctandylt = arctan({x-y) /{1 + xy)) if xy » -1
arctan {x-y) /{1 + xy)) + meignumix—y)
ctherwise. ( Im conformity with IEEE stamdards 754/854 for
floating-point arithmetic., we take 1 +xy to be +0, not -0,
when it vanishes.) The term nsigrnumix-yi will affect only the
coenstant v ., so it can be ignored, IT it reslly iz a constant.

For example, when p(71) = 4/(5 + 3 cos 27) we abtain

J(r) - v = F{E) - arctan§ + ¥ {&F/n = 1)
arctan(g§/2) - arctan & + ¥
arctan(-§/(2+5§2)) + vy
—arctan(sin(271/{(3 + cos 27)) + ¥ .

#on

as was claimed above.

Another example,
pird = =3 tan?®(r)/ (1 - tan2(r) + tan4i~))
= (3 cos(dr) - D)/ (3 cosld4r) + 5) ,
will be integrated in three ways., First set & = tan 7 to get
F¢g! = § plarctan gl dg/ (1 + §=2)
= § ~ZEBE2 dE/((]1 — E2 + E£E4)(1 + E2))
arctan ¥ - arctan(2g + ¥3J) - arctan(Zg - ¢y3) .
( DERIVE 1.6% was unable to produce this expression.) Now that
LF /o= (FPo+0)) - Fd-02)/m = -1 . we shall have to conscolidate

Jér) + 7 = PCE) + arctan§ + % (y is any constant )
= Zarctan i - arctani{2 + V3 ~ arctan(2 - y3) + ¥
= arctan Yo - & ) - arctant Yo + & ) + ¥ .
ZE2 —EyE + 1 ZET 4+ EYI + 1

Neitheir denominator can change sign, so no terms jump any more,
s0 consclidetion can stop here: and to avoid trouble when tan 7~
is infinite we introduce continued fractions to obtain a result
Jir) = arctendl/ (2 tanr + 3 + 4/(tan v — y¥32))J
- arctandl/ (2 tan s - ¥3 + 4/(tan 17 + ¥3))J) — 7 + ¥ .

Alternatively, consoclidation can continue without encountering a
denominator whose sign changes, and produce ultimately

Jird = arclteni-1/(tan+ + 1/ (tan v ~Z/7(tan 1™ +cot 7)))) - 7 + v .,

The same result can be obtained a second way starting from
Fdg) = § piarctan &) dg/ {1 + E2)
= § ~3E2 dE/{((] ~ E2 + E*) (1 + E))
§ -%Eg2 dg/ (1 + E&)y = -—arctangd .
Once ageain A&F/nm = -1 . so the expression to be consolidated is
7)) + 7 = F(r) + arctan & + ¥
= arctan & - arctan g3 + vy
=  arctan{(§ — E3)/{1 + E*) + ¥y etc. as before.

The third way starts from the observation that p(7) actually has
period n/2 , so the substitution % = tam 27 can be tried. Now
FPee}l = § plarctanig§)/2) dgE/ (2 + 2E2)

2 = (Z/72) § 52 dES0(S + K25 (1 + =)
arctandg ) /2 - arctanig/2; ,
ara ARSI, = o-1 50 NoOW
Jdrl + v = F(E) + arctanig)/2 + v
= arctan & - arctan{g/2) + ¥ v consclicate it

arctan{&E/ (2 + §2)) «+ v
= arctan(tan 2y} {2 + tan2v) +
=  arctendzinidrd/ (3 + cos 47)2 + ¥ .
Thiz vields the same J(r}) as before., though not obviously so.
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Two Errors to Avoid.
The process decscribed above is not foolproof, First, it does not
relieve the analvst of an obligation to detect improper integrals.

For instance., Scot?2rdy = —cot 7 — 7 + % has & secular term,
rather than =-cot v - arctanctan 1) + v with spurious Jjumps at
half-integer multiples of n 3 but the integral must be infinite
across any interval that includes an integer multiple of n . And
§ sec2rdr = tan T + ¥ has no secular term depite that AF = +00 ;
this integral is infinite across any interval ceontaining a half-
integer multiple of n . And 25csc(27)dr = Injtan 7| + ¥ has
an indeterminate 4&F = Indw) —1n(w) but no secular term.

In short, an improper inteqgral may include a secular term to
cancel out spurious finite jumps without protecting against the
eftfects of infinite jumps (poles).

The second error to avoid is overlooking the term nsignumix-—y}
in the identity for arctan(xz? - arctaniy! while consolidating
arctans  in P{g) - (AF/nm) arctan & . 0One way to avoid this ervror
is to start consolidstion from a linear combination of arctans of
linear functions of § , checking each denominator (1 + xv) in
a new consolidation to ensure that it cannot reverse sian. If not
checked, consalidation may introduce spurious jumps.

For example. Fdégl) = § (84 — ZE2 + &) dE/ (g6 ~ SEA + 5E2 + 4) ie &
linear combinetion of arctanse of linear functions of & with
complicated coefficients containing surde and cube roots. When it
is "simplified” bv consolideation ignoring nsignumix-y? , the
result is Ceg) = arctandc(gs - Tg3 /(2 - 2)) , whose derivative
matches that of F(3) except for two spikes at § = +/2 ., Were
those spikes ignored, the coefficient of 7 in the the secular
term would be taken to be OoR/n =1 . This is wrong. Correctly,
Pyl = RCE) + arctani(§2-2)/8) + arctan(E/(§2-2))
+ arctan(l/8}) + arctancg) .

and 4&°F/n = I, { The fowr added arctans have a derivative that
vanishes everywhere but at § = +¢/2 .) Now to further consoclidate
Fig) - T arctan & 1is no simple matter: the final result

F¢gl - JTarctant = arctan({2E2 + 1) (52 -~ )5/ (§¢ — 354 + 282 + 22))
has no Jjumps, not even at & = 0 .

This result, free from surds, comes as a surprise. In general,
to find a continuous expression F{§) - (AF/n) arctan § , whose
coefficients are free from unnecessarily complicated algebraic
numbers, and without excessively many arctans, is still an open
problem. The best alqgorithm published so far, by D. Lazrard and
R. Riobeoo in J. Symbolic Computation @ (1990) 113-5, does not
avoid spurious jumps. The problem is explored a little more in my
note "The Fersicstence of Irraticnals in Some Integrals.”



