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Periodic Integrals vs. Prohibition of tan(n/2J = m 

Llni v. o+ Cc1.l :if. ~t Bc~r-kel ey 

Abstract: Att~mpts to compute tan(n/2) or tan(90°) can cause 
a calculator to beep or blink. a computer to crash or complain. 
Prohibition is the Amer-ican Way= but prohibiting oo is as futile 
as prohibitinq whisky, and would complicate derivations of neat 
formulas for integrals of continuous periodic functions regardless 
of whether 00 appeared in those formulas· final forms. 

The Di 1 emma posed by tan (mt + n/2) . 
We can agree that tan(n/2J must be infinite but we cannot agree 
upon its sign without violating one of the two familiar identities 

tar, (-·T) = -tan (·T) and tan ('J'+rr.J = tan ('f) 
at -r == -n-/2 = they i.rnp1y tan(n/2) = tan(-rr/2} = -tan(:rt/2) . If 
we wished to do so, we could so define tan(7) that only the 
second identity would be violated, and that only at 7 = -n/2; 
f c.w instance we- couJ. cl set 

t,:1n (rm-+ nl'.2'.) := +signum(nn + n/2) oo -for all integers n . 
We shall do so only fer n = -1 and O. What follows takes signs 
of jnfjnite values of tan( ... > into account no matter how they 
are chosen so Iona as they are fixed i.n advance and compatible 
with assigninent=.. i-:1,ctan(+oo) := +n/2 and arctan(-OJ) := -rr/2 . 

PHRAC and TINT. 
For all real ,,., define 

PHRP,C(1. .. > :== ar-ctan(t:an(,.,,rr.))./rr and TINTtt,.,l 
Evidently TINliwJ is the inteqer near-est w" 
Fortran function NINTCoo) e~cept perhaps when 
t")al f ···integer· 4 

:= ~ - PHRAC(wJ • 
identical to the 

<•.' = n + t / 2 i s a. 

TI NT ( n _., 1 / 2-' = n 
= n+t 

when 
when 

tan{m,--+ n/2) = +oo , 
= -ro 

The 91- aph of 
uppet- ri~hL 

TINT(wJ is a staircase ascending from lower left to 
The Rraph of PHRAC(w) is saw-toothed like -this: 

- -· -:/./"./ / / / /4'l /- - -· --::i-,.,., .. 
with ·-1/2 < F'HF:AC{,.,,> < 1/2 e:~:c:ept that 

PHF:AC (n + 1 /2) = si gnwn (tc?.l.n (r,n + TT /2)) 12 .. 

A Procedure for Periodic Integrals. 
Giver, a continuous perioclic: real function p('T) with period n " 
the c:ustomary way to evaluate the indefinite integral 

'-1(7·) :== j p(7) d'T 
symbolically is to substitute 7 := arctan - ~ then compute 

POP := S p(arctan l;.> dt;/ (1 + 1; 2 ) 

and f inc? 11 ·., set J (7 .> : = P (tan -r) + --.; for some constant -, . 
This procedure is motivated by the expectation that P( ..• J will 
hcive fe~.,..,e,- =-ingulc1rities than J( ••• ) and be thel"efore easier to 
recoqnize. But this procedure can run T through at most one 
r,er·:i eaci ~ ~r,d he=·nce must fai J to de:-1 i v'E•r· ,J ;" ... ) t:.:0t·rectl y wher, 7 

ranAes over more than one period. 

Fnr inst~nce~ suppose pfTJ = 1 Then P(~> = arctan(~J and we 
,--.1ou. J ci ,:::ied. ,) i -.- ; :;;, cer· c ·i .. e- 1, , t. ar-, ·J : + ... , = :H r·~·-IF,:t:.,i.:::, ,; / n ; + -, instead of 
,J < ~, .: ;;;; -r + ·• . The f:?i"Tor· '1. - n· F'HF~AC('T/ni = n l lNT (·r/1'f) is 
piecewise constant~ sc its derjvative v~nishe* ~]most everywhPre. 
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For· anothe1·· e!-~c:l.mple takr::' pl°·T) ;;; 4/(~; + 3 cos 2,-) ,; for which 
F' ( i; ) ::: a, .. c: t an ( ~ / '2) w o LI l d vi el cl "J ( 'T ) == at-ct. an (tan ( ,. } l 2) + "( 
1nst.ec1d c.d· F.• i:Clrt'"€".'c:{: 1.l(T) = 1 -· at-ctan(sin{27)/(3 + cos 2t)) + y. ~ 
The error 7 - arctan(sin(27J/(3 + cos 2T)) - arctan(tan('TJ/2) 
simplifies aqa:i n t.c, n TI NT h In} ~ though that is not obvi OLts. 

( The current version, 1.63, of DERIVE gets a formally correct 
J(1} =, - arctanfsin(21}/(t + cos 21)) + arctan(sin(2r)/(2 + 2 cos 21)) 

which is unsatisfactory when 2T/n is an odd integer because then 
the two arctans' arguments become 0/0, requiring that limits be 
taken to ascertain that both arguments approach the same oo .> 

The Secular Term 'T ~ In . 
Almost two centuries ago, astronomers and geologists coined the 
phras~ secular term to represent the non-per-iodic part of the 
integr-al J(7} = S p{'T) d'T of a periodic function p('T) • If p 
has period n then the secular term is 'T S!!~,2 p (8} d8/n + con st. 
The coefficient of T is the ~verage o➔ p(TJ over one period. 
A·f ter· the =:ubst i tut j_ rn, -, = c.:i.r·ct ar1 ~ chanqes S p (,.} d-r into 
PO;) = S p(arct.an ~) d~/(1 + ~ 2 ) ~ that coefficient turns into 

t::J·· / Ti : = ( F ( ·+ C(,) -- F ( -m) ) / TT • 

Th 1: s i $ the .o l ace ,- r om N h i ch oo c an no t ea:..=;: i l y be r e mo i1 e d • 

Subt1-act.inq th,-: secL•.la,,.. term froli, ,](7) turns it into a. periodic 
continuous function 

J{T} -- ·r l-F-'/n - S(p(·T) - t-.P/n) dT 
= S ( p ( arc tan ~ ) - bP I re ) d ~ / ( 1 + ~ 2 ) 

= F'(~) -· <.6P/n) arctan(l;J + ·• 
= F'(tan T) - (Df'/n) c1rctan(tan 'T} + "\' 

for some constant y. Consequently, a correct derivation of J 
from F' yields a ·t annul a i nvol vi ng 6f•/n thus: 

J(T} = Pftan 7) + (bF'/rr) (-r -· arctan(tan T)) + )' 
- F'(tan '1) + <DP/n) TINT(7/rc) + Y • 

This is about as simole a formula as can be expected in general, 

Fm- e>:ample, , .. ,hen p(rr} = lc:cis 'TI ..-,e find that 
F'(~) = Sdl:;/(1 +t; 2 ) 3 " 2 = ~/tf(i +~ 2 ) = signum(~)/t/(1 +1/1; 2 ) 

s,:i 6P/n = 2/rr and hence Sp ('T) d-r turns out to be 
,J(r;} = signum(tan 7) !sin :r I ;. (2/TT) ('T ·- arctan(tan ,.., ) + y . 

( DERIVE t.63 gets a less satisfactory result 
J(7J = siqn(cos 7} sin,. + (2/rr) (,- - arctanc'tan 'T)) + l' 

which becomes problematical when cos..,= 0 .) 

Simplifying J(TJ • 

In the special case that p(7) is a continuous rational function 
of sin 2T and cos 2·T ,. substituting T = arctan I; transforms 
its integral into an integral ·P(~) of a smooth rational function 
p(tan 1;)/(1 + 1; 2 ) with no poles on the real a:ds, not even at oo. 
Cor,:iequentl·y Ft'°i~) car, hi.--i\.·e no real pc;les either·; it must be a 
1 i near cc:,mbi nat.i cm o-f rati anal funct.i ans of ~ and arctangents of 
i"c•lioncd funct:ions c:,f ;.: . Thet-e:-fc,t··e the c.untinuous per·iodic 
·function J(•r) -· ·r (L.:•F/rt) ::: P(~.J - (Di='/n) arctan(~) + -Y consists 
o+ ..:•. lint=;'af comb:ina.tic,n of bc)unded r·~.tiona.l functions c,f ~- and 
arctanqents of possib1 v unboundecJ rational function:. of ~ . If 
anv Brc:tar,qi:nts ,JLm,p ~•.ihen their· iH-qLunent.s pass from +oo to -oo, ~ 
their jumps must collectively cancel. Therefore, some way must 
exist to consolidate them into arctangents with no jumps. 
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Consolidation requires perhaps repeated application of an identity 
at"Ctr.m(}t.J -- at·--ctan(y) = ar·ctar1((>:-··y)/(l -t xv)) if >:y 2: -1 , 

= arc t ctn ( b: -y ) / ( 1 + ::•; y ) .> + n- s ~ q nu m ( }·! -v) 

otherwise. ( In conformity with IEEE standards 754/854 for 
·fl oat i nq-poi nt ar· it hmet. i c" ~.1t:-:- takE- 1 + ·:•; y to be:· +O " not -0 ., 
when it vanishes.> The term n signum(x-y) will affect only the 
constant y. so it can be ignored, ii it really is a constant. 

For example~ when p(TJ 

'-1('1·} -·· 'T = 
= 4/ (5 + 3 cos 2'T) we obtain 
F'(~ .> - arctar1 ~ + V ( t::J=•/n = 1 ) 

= arctan(-/2J - arctan - + y 
= a-.r· ct an { -ti; I ( 2 + ~ 2 ) ) + ·t 

= -arctan(sin(2TJ/(3 + cos 2T)) + Y. 
as was claimed above. 

Another e>{ample, 
p(1·) - --3tan 2 {-r)/(1 - tan 2 (T) + tan"(r;·)) 

= (3 cos(4'T) - 3)/(3 cos(4'J'} + 5) ., 
will be integrated in three ways. First set ~=tan 7 to get 

P(~l = S p(Rrctan ~.> de,/(1 + ~2 ) 

= S ···3 ~ 2 d~ / ( ( 1 -·· ~ 2 + ~ 4 > ( 1 + ~ 2 ) ) 

= arct.an t; -·· arc tan (2~ + 1'3) - arctan {2l; - y'3} • 
< DERIVE 1.63 was unable to produce this expression.> Now that 
t:Pln = <F'f+Ol> -- P(-oo.> )/n = --1 .. t--Je e.hall have to con:.olidate 

J(7) + T - P{~) +· arctanl; + -~· (y is any constant) 
= 2 ar·ctan ~ -- arctan,·2~ + t/3) - arctars<"2~ -.-v"3} + Y 
= c:,rctar, ( __ ..... {3 - s ) - a.t-c:t.an ( :t:'3 + s ) + Y 

2S; 2 - ~ -v'3 + 1 2~ 2 + ~ tl3 + t 
Neither denominator can change si9n. so no terms jump any more, 
so consolidation can stop here~ and to avoid trouble when tan T 

is infinite we introduce continued fractions to obtain a result 
J ( 1· ) - a r- c t en ( 1 / ( 2 t an .,. + f":3 + 4 / ( t an ')" -· ~::::::> ) ) 

- arc t ar1 ( 1 / ( 2 tan ''f - -v''3 + 4 / (tan T + tl3 > ) .J - T + y . 
Al te,.-nat i vel y" consol i de1t j cm c:an continue without encountering a 
denominator whose sign changes, and produce ultimately 

J ( 7 } = a r c t c' n t ·- 1 / ( t ctn ·r -1 1 / ( t a r, •r -·- 2 / ( t an 'T + c ei t .,. ) ) ) .J - 'T + 11 
• 

The same result can be obtained a second way starting from 
F'(~} - S p(~rct.an ~.> d~/(1 + ~ 2 ) 

= S -· 3 t; 2 d ~ / ( ( 1 - ~ 2 -t- I; 4 ) ( 1 + ~ 2 > ) 
= S -:?; ~ 2 di;/ ( 1 + 1; 6 ) = -arctan ~ 3 

Once a~H~i.n t::J=•/rc = -1 so the e~•:pression to be c:onsolidated is 
J { 'T} + ,., = P ( 1·) + ar-· ct an ~ + 1/ 

= arctan ~ - arc tan ~ 3 + y 
- arctan((~ - - 3 )/(1 + - 4 >) + v etc. as before. 

The third way starts from the observation that p(7J actually has 
pe1--i od rr/2, 

P(~) = 

= 

so the substitution ~=tan 2T can be tried. Now 
S p(arctan(~J/2} d-/(2 + 2~ 2 ) 

-(3/2) S¾ 2 d~/((4 + ti 2 ,(1 -;- ~=)> 

arctanf~)/2 - arctan(~/2) 
-- ·-1 E-C• nc:,w 

- arctan ~ - arctan(~/2) ~ ~ 

- arctan(t/(2 + ~ 2 ), + y 
-- c:i.rcti;1n(t.:~n(:'c.•,r)/C: + tcen 2 :2-r) + ·• 
- arctctr,(si,,(4-r)/(3 + cos4'T)} + Y 

Thi == vj el d::;. the sc:1.rne J (T} as before" thc,Ltgh not obviously so. 
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Two Errors to Avoid. 
The process described above is not foolproof. First~ it does not 
relieve the analyst of an obl i gat.i on to detect i mpropet- integrals. ~. 

For instance~ S cot 2 -r cl-; = ·--cc.it ,., -· -r + y hi:"\:, ~- secu1 c,r· term, 
rather than -cc,t ,.,. - arct.an (tan 'T) + -,,,- ' with spurious j urnps at 
half-integer multiples of n; but the integral must be infinite 
across any interval that includes an integer multiple of n. And 
S sec 2 -r d-r = tan 7 + -., has no secular terrn depi te that DP = +oo ; 
this integral is infinite across any interval containing a half
integer multiple of n. And 2Scsc{2-r)d-r = lnltan-rl +y has 
an i ndeterrni nate tF' = 1 n too) - 1 n (ro} but no secular term. 

In short, an improper integral may include a secular term to 
cancel out spurious finite jumps without protecting against the 
effects of infinite jumps (poles). 

The sec~nd errnr to avojd is overlooking the term n signum(x-yJ 
in the identity for arctanixJ - arctan<y) while consolidating 
<31.-·ctct.ns in P(~ > -· (/.lF'ln) at-ctci.n ~ . One Wc:t.Y to avoid thi: error 
is to st~rt consolidation from a linear combination of arctans of 
1 i near· functions c,-f ~ ~ c:hecki ng each denominator ( 1 + >:v> i r, 
a new consolidation to ensure that it cannot reverse sign. If not 
chec:kec:1.. ccmscil i did. j on rr,c:·,y i. ntroduce spLu-·i. ous jumps. 

Fm- e::-~ ci.mp 1 e. F' { ~) = S ( ~"' - :;~ 2 + 6) d~ / ( i; 6 - 5~"' + 5~ 2 + 4 > i =· a 
linear combination of arctans of linear functions of ~ with 
complic~ted coefficients containing surds and cube roots. When it 
is 11 siroplified 11 bv consolidation ignor·ing n siqnurrd>:-y) , the ~ 
result is Q(t;) = ~rctan((~ 3 - 3~)/(~ 2 ·- 2)) • whose derivative 
matches t.hci.t of F·(~) e>tcept fm- two spikes at ~ = :!:.¥2 . Were 
those spikes iqnored~ the coefficient of T in the the secular 
term would be taken to t..e 00/n == 1 . This is wron~J. Correctly• 

P(~J - Q(~) + arctan(C~ 2 -2)/-) + arctan(-/(~ 2 -2)J 
-i- i::t.rctan(t/~.> + arctan(I;) , 

and N-'/n- :.:: 3 Th~ f oUt- added arctans have• a derivative that 
var,i shes everywhere but at t; = ±¥2 . > Now to further consolidate 
F'O;.J - 3 arctan ~ is no simple matter: the final result 

F'{~) -· 3 arctan ~ = arctan( (2~ 2 + 1) (~ 2 -· 3) ~/ (~ 6 - 3~ 4 + 2~ 2 + 2)) 

has no jumps. not even at ~ = oo. 

Thi5 result~ free from surds. comes as a surprise. In general, 
to find a continuous e;-~pression F'(~) - (~P/n) arctan ~ , whose 
coefficients are free from unnecessarily complicated algebraic 
numbers. and without excessively many arctans, is still an open 
problem. The best algorithm published so far. by D. Lazard and 
R. Rioboo in J. Symbolic Computation 9 (1990) 113-5. does not 
avoid spurious jumps. The problem is explored a little more in my 
nc1te "The Per-·si stence of It-r·at i onal s in Some Integrals. 11 


