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The Persistence of Irrationals in Some Integrals 
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Univer-sity c>f CaU·fo,-nia at Ete,-kele•v 

Abstract: Computer algebra systems are expected to simplify 
formulas they obtain for symbolic integrals whenever they can, 
and often they succeed. However, the formulas so obtained may 
then produce in~orrect results for symbolic definite integrals. 

Introduction: Suppose that f(zJ is a rational function with 
integer coe-fficients. Its indefinite integral Fc"z.> := Sf (z} dz 
consists of a sum of ration~l functions and logarithms and arctans 
of rational functions; usually their coefficients cannot all be 
integers too but must be derived from certain algebraic numbers, 
the poles of f(zJ . However, when the integral F(zJ can have 
an unusually simple form~ say with integers for all coefficients 
of all the rational functions that appear in it~. then such a form 
might well seem p1··e-·-fE•r·abJ.e to ever-y other.. In eithe1-· words, taken 
from p. 170 of the book by J.H. Davenport et al. (1988), 

" The real p1-oblero is to find the integral without using any 
alqebraic numbers other than those needed in the expression 
of the 1-F.:s.ul t:. The problem hc,s b~-:ien solved by . . . " 

The book cites solutions published indeoendently in 1976 by B. 
M .. Traget- and by t·1. Rothstein; D. Lazard arid R. Rioboo (1990) 
present an improved solution. They all perform predictably many 
e;-iclusj_vely i·-·at.icmal oper·8tions to find c:1. simple fono F(zJ for 
the integral when it exists. But it may be toe simple. 

The e~arople f(z) presented here has the following properties: 
* f(zJ is rational with integer coefficients~ 
., and so ii:.; ta.n(F(z).J = tan{ S ffz.J dz ) , but ... 
* Sl f (:z. .> dz = F (Y) -· F (X) + Ln f 01-- some srnc:111 integer L 

which is best determined with th~ aid of irrational algebraic 
numbers none of which appears in the expression of the result 
F obtained by Tra~er et al. F is wrong without Ln. 

* Sl f(zJ dz has a closed form with all coefficients integers. 

The e>~ampl e is 
f (z) : = 

S -f (:z.i dz 
H' f (z) dz 

ID(z) :-

satisfies 

(:z 4 - 3z 2 + 6)/(z 6 - 5z 4 + 5z 2 + 4) and 
F(z) := arct.c:m( (z 3 -- ::::;z)/(z 2 - 2) ) but 

¢ F (Y) - F (X) in general. However, 
ar-ctan ( (2z 2 +1) (:z 2 -3) z / (z 6 -3z 4 +2z 2 +2)) + 3 arctcen z 

Sl f(z.J dz = ID(Y.> - IDtX.J alwavs .. 

The Conventional Approach: To integrate f(z) symbolically, we 
fi.rst der-ivc➔ its partial fr~.ction e~-:pansion f,,..om it·E pc.:,le?s. DLlr 
e>:cur1ple f(z} has si;-: of them: :!.H"- , 'P. ! n' and -~ :t_ Z-.' where 

Y -· • • • = (i • "j 4 2 3 8 7 38 0 El . . . 
b-:c\Ct e;-:pr-e:Esions -f-cw- ~ and y involvir,q the surds that app~ar in 
« are available but not worth the space needed to display them. 
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A-fter the P€•1,..tial f1-c,cticm e}-:pan~:don of f(z.> hr.:1=- bePn simplified 
(not t:i trivial ti:-.sh)" its indt~-fin:ite integrci.l ID(i:) := S f(z) dz 
tu1'"n;; out to bf::~ e.•. ::iuro ,::i-f loqar-ithms~ l,.Jhic:h simplifie~i to ~ 

m,z) := arct~n(z/~J + arctan((z-@>lrJ ~ arctan((z+@)/y) 
c◄ -f- te,- comp le}•, cc;n :.i Ufl:':1tE·s have b~?er, p,.u , ... t ... d. him,.; i nr ~ny real X 
and Y the de•fj nit.e integral si f (z.> dz = mn') ·-· [l(X) can be 
computed unexceptionably except for its complexity. Simplifying 
it produces something as simple cB.s F(Y.J - F(X} + LTT with a small 
integer L .. and removes all traces of the irrational algebraic 
numbers ~ .. @ and y, but at horrendous computational cost. 
Later a cheap way to compute L will be explained. 

The Methods of Trager et al.: These methods, presented in works 
cited above. use only rational arithmetic (with complex integers) 
to produce a sum of complex conjugate logarithms that simplify to 
S f(z) dz = F(zJ presented above. But this F(z) jumps down 
by H as z increases past -1'2" and does the sarne again as z 
i ncr-eases past t/2 . That is ~,hy Si f (z) dz - F (Y) - F {X.> + LTT 

wht~re L is the number of these j urnr.,-ooi ntE. (-1'2 and +1'2 > that. 
li~ strictly between X and Y. Thus, two irrational algebraic 
numbers are need~d in the expression of the result even though 
they do not appear in it. Omitting L is a common mistake. 

Apparently the ~onstant of integration ir, F(z) is only piecewise 
c:on!:itant. q with jumps c:•t. z = -:f-v:: . Are these jumps, or their 
irrationality. mere artifacts of Trager's method? They may be. 

Persistent Irrationality: Choose any two integers m and n free 
from nontrivial common factors and not both zero, and redefine 

F (-z} : = arct.ari ( (rr, A (z .1 - n B (z. >) / (rr, B (z) + n A (z} > } with 
A ( z ) : =: z 3 - 3z ., B ( z ) : = z 2 - 2 • 

As m and n vary. this F(zJ runs through all integrals of 
f(z) that can be produced directly by the methods of Trager et 
al.; F(z) has integer coefficients and dF(zJ/dz simplifies to 

F'(z) = ( A'(z}B(z) - A(z)B'(z) )/( A2 (z..> + B 2 (z) = ffz) 

except at arguments z where F(z.J jumps. These jumps are poles 
z of (mA -- nB) / (mB + nA) Hm.-..i many ancl whet-e are these poles? 

Regardless of m and n • there are three poles. By expanding the 
equaticm B/A + n/m = 0 in partial fractions it rnay be confirmed 
that each interval --~·'3 ~;;._ z < 0 and O < z :t 1'3 contains a pole; 
and the third lies at z = 0 if m = 0, at z = 00 if n = 0 , 
arid otherwise.• between -si qn (n /rn) oo and -sign (n/m} 1'3 . As z 
increases past a pole. F(z.> jumps down by -n sign(f(z)J = -TT 

( More elaborate examples can jump up here and down there.) That 
is whv Sl f(z} dz = F(Y> - F(X} + Ln wherein L counts poles 
strictly between X and Y. How many of the poles are irrational? 

At least two poles are irrational. To see why,. suppose one of 
thE·m i:::- :,,t ;;;..: r c:\ te-it.iui,e-.1 r,u1i1br.::r· .. Ther, r,/m - -B(r)/A(;-} 

so the othe·t- twc, pol e~i mLtst be zeros z of 
( B ( 1···) A ( ~~: > - A { r) B ~ ~~ ) ) / ( z ..... , .• ) - ( t··:, -· 2 .i z 2 .. 1. r z + 6 -· 2t- 2 • 

Thi::- ciue1d1··.:=:,.tjc rnust ha·•✓ fr i.rr--citieinal zeros because its discriminant 
b.•r 4 -· ;:,·:;;-:? ·+ 4C: i =~ r,c,t-. ct ,-ct'l ·inn!?.<] :::-quat-e, -=.:1:- can be confirmed bv ~ 
a little computation modulo 3. 
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The Cauchy Index of a Rational Function: 
f or-rnul a.s 1 i ke 

The integer L in 

H f (z) dz F(Y) -F(X> + Ln 
above can be computed using Eolely rational operations via Sturm 
Sequence:.=:; i.ri fact. L ;= V(Y) - 'v'(X) where the Cauchy Ind€;.'x.· 
V( ... J is determined as follows: 

Take any F(zJ != arctan( A(zJ/B(zJ J where now A(z) and B(zJ 
are polynomials with real rational coefficients and no commom zero 
z ; this means that A(zJ/B(zJ is a rational function in lowest 
terms. Set Ba != B, Ba :=A, and by repeated long division 
compute the remainders Bk+1 : = Qk Bk - Bk-, and quot.i ents Q"' 
with deg(B,J > deg(B2J > ... > deg(BKJ = 0. Each B1c<zJ is a 
polynomial with real rational coefficients; and the last of them, 
BK , is a nonzero constant. C If it were zero then BK-t would 
be a nonconstant divisor of both A and B .> The sequence 

Bo ( z} " B, (z) , B2 (z .> " ... " B....: 
has the properties of a Sturm sequence; no two adjacent terms 
in it can vanish simultaneously because otherwise induction would 
imply BK= 0 too. And if any term but the first vanishes then 
the two terms on either side of it must have opposite signs. 

Let V(z J count the nwnber- of ti mes adjacent t.errns Bae (z) have 
opp□Eite signs. For this purpose assign either a + sign or a 
sign to a term that vanishes. Then V(zJ is a piecewise constant 
function with jumps only at poles z of B,(zJ/Bo<zJ where this 
reverses sign. In fact, the jump in V(zJ turns out to be the 
same as the jump in -F(zJ/n ~ so F(zJ +V(z)n is continuous 
and its derivative is fez) ~ as required. 

For· e>f ample., 
and E:(z) = 

whence 

we find the Sturm sequence for A(z) 

z 2 - 2 to be 
z 2 - 2 , z 3 - 3z ~ 2 - z 2 

q z .. -2 

'v' (z) = f DI'" -·O) < z < -1'2 
2 f ot- -1"2 < z < 1'2 , 
3 for -i,'2 < z -~ +oo , 

= z 3 - 3z 

e..nd !:;o at-ctan( A(z)/B(z) ) + V(z} n is cor,tinuoL\s. Note that 
this continuity persists even at the zeros of B(z) provided the 
sipns of A/(~0) and of ~ro are properly correlated to ensure 
that the cm-rect si gri is chosen for arctan (±00} = ~rt/2 . The 
rules followed by IEEE standards 754 ~nd 854 for floating-point 
arithmetic automatically achieve the proper correlation here too. 

For more applications of the Cauchy Index V( ••• J see the paper 
by T. Sakkalis (1988) and citations therein. 

Closed Forms for si f(zJ dz : Replacinq L by the Cauchy Index 
yields a formula 

S~ f (z) dz -· F(Y) - F(;.) + (Vi''/)-~ Vt):.1 "in 
in which F(zJ = arctan( A(zJ/B(zJ ) and VfzJ is the Cauchy 
:CndE•:•.. o-f A(-::'.)/[:(:-:) but. thJ.s 1 s. r,o "closed forrn: 1 in the 
usual sense unless we have a closed form for vr ... J • 

When all ,·•·ec,l :.::. E.•t--os o-f B (z) are kno1,om, t:.abLd ~di ri£J V (z) there 
prc:,-v'i des ci. kind of cl ased f or-rn f cw· j_ t. In c;u,,- e::-f amp 1 e, given 
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A i z .> : = z 3 - 3z and B c'z) .. - .... 2 - ,.., 
.,- ••• ..:. II 

\..' ( ;~ ) = ( z > -·-11·2 > + < i: .~: -v2 > + 1 
when;1 the pt .. edic:ab?.s in pat-enthese~. an•:'!' tt-eated as 1 if tTL•.e, 0 ~ 
if false, and we assert B<±i2J = +O in the absence of roundoff. 
( If roundoff had to be taken into account~ the predicates might 
have to be adjusted.) 

Another way to represent V(z)n exploits the identity 
arctan(xJ + arctan(l/xJ = signfxJ n/2 

V(z)n = arctan{z.+1'2) - arctan(1i<-1'2 - z>.> 
+ arctan(z-y2) + arctan(1/(z-v2>) + 2n 

= arctan(B(z)/B' (z)} + arctan(B' (z.J/B(z)} 

+ arctan(B' (z.)IB"(z)) + arctan(B"(z)/B' {z.)) + 2n • 

Evidently the given integral S f(z) dz can be expressed as a sum 
of several arctans simpler than the sum of three arctans m<zJ 
above. How few arctans of continuous real rational functions 
with integer coefficients suffice to represent that integral? The 
best I can find has two: 

S f(z) dz = at-ct.ant(2z 2 +1) (z 2 -:::;)zi(z. 6 -·3z 4 +2~: 2 +2).J + 3 ar-ctan z . 

At present. I know no general way to find such a thing whenever 
it exists. However. D. Lazard informed me recently in a letter 
that his student Renaud Rioboo may have solved that problem. 

Conclusion: The simplicity of some integration formulas for 
rational functions may be super-ficial~ before deducing definite 
integrals from them we may have to estimate irrational algebr-aic 
m . .uribet'·s., or· count =-i. ~in-changes b..,,- computing Sturm sequences, 
or re~mrk the fonoulas someho~J tc, remove spurious jumps. 
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