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Abstract: Computer algebira systems are expected to simplify
formulas they obtain for symbolic integrals whenever they can,
and often they succeed. However, the formulas so obtained may
then produce incorrect results for symbolic definite integrals.

Introduction: Suppose that +F(z) is & rational function with
integer coefficients. Its indefinite integral Fezl) = § f(z) d=z
consists of a sum of rational functions and logarithms and arctans
of rational functionsy; uwsually their coefficients cannot all be
integers too but must be derived from certain algebraic numbers,
the poles of +fiz) . However, when the integral F{z) can have
an unusually simple form, say wilth integers dor all coefficients
af all the rationsl functions that appear in it., then such a form
might well seem prefecable to every other. In cother words, taken
from p. 170 of the book by J.H. Davenport et al!. (1968),
" The +real problem is tao find the integral without using any

algebraic numbers other tharn those needed in the expression

of the result. The problem has been solved by ... "
The book cites solutions published independently in 1976 by BH.
M. Trager and by M. Rothstein; D. Lazard and R. Rioboo (1990)
pressnt an improved solution. They &ll perform predictably many
exclusively rational operations to find & simple form F(zJ) for
the integral when it exists. But it may be too simple.

The example fi7z) presented here has the following properties:

* fi(z) dis rational with integer coefficients, ...
* ena  and so is tandFdzl)) = tanmd¢ ff(z2dz J , but ...
* ¥ fizidz = F({Y)-F(X) + Ln for some small integer L

which is best determined with the aid of irrational algebraic
numbers none of which appears in the expression of the result
F obtained by Traager et &l. F is wrong without Ln .

* 5¥ Fiz) dr has & closed form with all coefficients integers.

The example is

¢z = (=% - 3z2 4+ 46)/(z% ~ 54 + 5z2 +4) , and
§ iz gz = F(zI = arctani (2 - 3Jz)/(z2 - 2) ) 3 but
§¥ fézd d=z # FY2-FX) in general. However ,

Dz = arctani{Ps2+1) (z2-3F)z/ (zo-T24+2224+2)) + J arctan =
satisfies $¥ fiz) dz = @CY) —0OcX)D always.

The Conventional Approach: To integrate +fi¢zJ symbolically, we
first derive its partial fraction expansion from its poles. Our
example (=} has six of them: +ix , €+ 1y and —€ + ¥ where
N
& = ¢ O3YO(BTE + JYED1) /54 + 3¢ (BT - SYIR21) /840 — S/3 )
O, 71025 823684 ...
& ees = 1.66614 737756 000
v cee = U, TAZIER F3E0E ... .
Exact expressions for © and v involving the surds that appear in
¢ are available but not worth the space needed to display them.
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After the partial fraction expansicon of f{z) has been simplified

{not & trivial tashk), its indefinite inteqgral Diz) = § Fiz) dz
tuwrns out to be & sum of logarithms which simplifies to
iz = arcteaniz/el) + arctand(z-8)/y) + arctand{z+e) /v

after- comples conijugates have been paired.  Now for any real X
and Y the definite integral $¥ fizd dz = @YD) - BiXI can be
computed unexceptionably except for its complexity. Simplifying
it produces something as simple as F(Y) —F(X) +Ln with a small
integer L , and removes all traces of the irrational algebraic
numbers o« , € and v , but at horrendous computational cost.
Later a cheap way to compute L will be explained.

The Methods of Trager et al.: These methods, presented in works
cited above, use only rational arithmetic (with complex integers!}
to produce a sum of complex conjugate logarithms that simplify to

§ fizl) dz = =) presented above. But this Fi{z? Jjumps down
by w as =z increases past -¢y2 . and does the same again as =
increases past 2 . That is why $¥ F(z) dz = FiY) —-F(X) + Lnm

where L is the number of these jump-points (-¢2 and +¢y2 ) that
lie strictly between ¥ and Y . Thus, two irrational algebraic
numbers are needed in the expression of the result even thouagh
they do not appesr in it. Omitting L is a common mistake.

fpparently the conztant of integration in F(z?) is only piecewise
constant, with jumps &t = = +¢2 . Are these jumps, or their
irrationalitv., mers artifacts of Trager’'s method? They may be.

Fersistent Irrationality: Choose any two integers m and n  free
from nontrivial common factors and not both zero, and redefine
(=) = arctand {mAdz) -~ nB?) (mBdz) + nAcz)) J with
Y S = 3 -3z , BR(zJ = =z2 -2 .
As m and n vary., thise F{z) rums through &l intearals of
fiz}) that can be produced directly by the methods of Trager et
al.y F{z! has inteoger coefficients and dF(z}/dz simplifies to
Fiz} = { ACz)B(z) — A{zIBYz) Y/{ A2(z) + B2{z) ) = 4f{(z)
except at arguments z where F(z! Jjumps. These jumps are poles
z  of (@ —~ nBY /7 {mB + nA) . How many and where are these poles?

Regardless of m and n ., there are three poles. By expanding the
equation B/A+n/m = 0 in partial fractions it may be confirmed
that each interval —= < 2z < 0 and 0 «{ z 4 ¥3 contains & polej
and the third lies at z =0 if m=0, at z =20 if n =0 ,
and otherwise between =-sign(rn/m) 0 and -signin/m) ¥y3 . As =
increases past a pole, F(¢z? Jjumps down by -nmeign(f(zl)) = -n .

( More elaborate examples can jump up here and down there.) That
ie why J¥ f(z) dz = F(Y} —F(X}) +Ln wherein L counts poles
strictly between X and ¥ . How many of the poles are irrational?

At least two poles are irrational. To see why, suppose one of

them is =t . = 1 @ talivial numbei . Then n/m = =Br2/Ar)
s the other two poles must be zeros =z o F

(B(r2Adz) — AdriBoz i)/ lz=—r) = (" - 2152 4 rz + & - 2r2
This guadratic must have irrational zeros because its discriminant
By 4 — T5r% + 40 1= rnob s rations] zguare, as can be confirmed by

& little computation mocdule 3.
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The Cauchy Index of a Rational Function: The integer L in
ftormulas like
) §%¥ fd¢z2 d=z = F((Y) ~F(X? + Ln

above can be computed using solely rational operations via Sturm
SZeguencerx; in fact. L = V(YY) - V(X)) where the Cauchy Index
V(.o.? is determined as follows:

Take any F(z) = arctan( AdzJ)/B(z) } where now Afz!) and E(z)
are polynomials with treal rational coefficients and no commom zero
z 3 this means that Afz)/B(z) is a rational function in lowest
terms. Set B, =R , B, = A , and by repeated long division
compute the remainders Brey = By B = Be-y and aquotients G,
with deq(B,} *» deg(Ba) *» ... » deg(Bx) = 0 . Each B.(z) 1is a
polynomial with real rational coefficientas; and the last of them,
Bk «+ is & nonzero constant. ( If it were zero then Bk-1 would
be a nonconmstant divisor of both A and B .) The sequence

Bo(zl?. By(z), Bal(zl, ..., Bg
has the properties of a Sturm seguence; no two adiacent terms
in it can vanish simultaneously because otherwise induction would
imply Be = O too. And if any term but the first vanishes then
the two terms on either side of it must have opposite signs.

l.et WVczJ) count the number of times adiacent terms Re(z? have
opposite signs. For this purpose ascign either & + sign or a -
sign to a term that vanishes. Then Vz? is & piecewise constant

function with jumps only at poles z of By (z)/EBo(z) where this
reverses sign. In fact., the jump in VMiz?) turns out to be the
same as the jump in -F(z)/n . soO Fez) +VizIn is continuous

and its derivative is +f¢z) ., as required.

For example, we {find the Sturm seguence for Afzl) = z3 - 3z
and E(z) = z2 -2 to be
22 -2, 23-3z , 2-=2 ., =z ., =2
whence
Viz) = 1 for - % z ¥ -¥2 ,

2 for V2 < oz ou ¥,

I for ¥2 < z 4 +00
and S0 arclani Gzl /Bdzi ) + ¥z n is continuous. Note that

this continuwity persists even at the zeros of B(z) provided the
siagns of A/{+0) and of +® are properly correlated to ensure
that the correct sign is chosen for arctandi+e) = +n/2 . The
rules followed by IEEE standards 734 and 854 for floating—point
arithmetic automatically achieve the proper correlation here too.

For more applications of the Cauchy Index Vi...2 see the paper

by T. Sakkalis (1988) and citationes therein.

Closed Forms for §¥% f(zJ) dz : Replacinag L by the Cauchy Index
vields a formula

$Y fiz) dzr = FiY) ~Ford o+ (MiYD NIk
in which Fiz? = arctans Adz}/B(z) ) and Viz) 1s the Cauchy
Indes of AMRIEBEGR) ., but this 1s no “closed form™ 1in the

usual sense unless we have & closed form for Vi..o.3 .

When all real zeros of B(z) are known, tatwleting Viz! there
provides & kind of closed form for it. In ow example, given

-
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Arz? = 23 -3z and BR({(z! = 72 -2

Migd = Az & 2+ (z x ¥EY + 1,
where the predicates in parentheses are treated as 1 if true, ©
if falese, and we assert Bd+yY2Z) = +0 1n the absence of roundoff.

¢ I¥ roundotf had to be taken into accounlt., the predicates might
have to be adjusted.)

Another way to represent V(z)n exploits the identity
arctan(x? + arctan(l/x) = sign(xit n/2
Vizn = arctan(z+y2) — arctan(i/(—y2 - z)2
+ arctaniz—vy2) + arctan(i/(z—=y2)) + 2n
= arctan(R(z} /B (z)) + arctan(R’ (z}/B(z2)
+ arctan(B’' (zJ)/R"(z2) + arctan(B"(z)/RBR' (z)} + 2n .
Evidently the given integral § fd(zJ) dz can be expressed as a sum
of several arctans simpler than the sum of three arctans @0z}
above. How few arctans of continuous real rational functions
with integer coefficients suffice to represent that integral? The
best 1T can find has two:
$Hz)dz = arctani{2z2+1) (22-0)z/{(ze-2z4+2z22+2)) + T arctan =z .

At present, T know no general way to find such a thing whenever
it exists. However, D. Lazard informed me recently in a letter
that his student Renaud Rioboo may have solved that problemn.

Conclusion: The simplicity of some inteagration formulas for
rational functions may be superficial:; before deducing definite
integrals from them we may have to estimate irrational algebraic
numbers, or count sign-changes by computing Sturm sequences,
or rework the formulas somehow to remove spurious jumps.
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