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ABSfRAC'I' 

Hardware for ndls four diwllioa ud nd1a two 
111uan root 11 ■bared In a proce11or cl•■i&n•d t.o ·1mp1e­
m1nt tbe propo■ed IEEE Bo•Una•poiDt. 11.andU'd. Tb• 
diulon bardware lookl ahead t.o find tbe Dest 111ot1e11t 
4lalt. ID parallel wlUa tbe Dezt parUu remainder. AD 1-blt. 
ALU e1Umat.e1 Uae nest remainder'■ leadin& 'blta. Tile 
quoUent dJ&l• look•up \able ii addres■ed witb a Lnanca• 
Uon of Ula ••.....,at.a ratbar Uaan a truncation of tb• full 
partial remainder. Tile ••UmaUon ALU and Uae look•up 
labl• an uynmuttric for poaitift and D■1aUft 
nmainden. Tbia aa,mmetr, nduce■ \be width of tb• 
ALU and Uae Dumber of mint.arm■ iD \be lo1ic equaUou 
for t.b• look-up t.able. The ■quare root aJ&orit.bm obtains 
\be correcUy rounded re■ult in about two diYi1ion time■ 
ulna ■mall ezten■ion■ I.D I.be diYilion bardware. 

IDlndlaeUa 
AD IEEE Computer Soclet.J worJdna 1roup lau 

ncommended a ■tandard for binU')' aoaUna•point. uttb­
metic bued on tbe propoaal bJ Kahan. Coonen and Stone 
[1)[2]. To lnve1Uaate Ule fealibillty or tbe KCS arcbltec­
ture, we &re buildina • ■ub1Ut.ute aoatJna-point accelera• 
t.or for tbe J>EC VAX 11/'180 minicomputer [3). Tb• pro­
pond ■tandard require■ tbat an implementation provide 
correcUy rounded quotienta and ■qan root■. We found 
tbat radls four divilion hardware proYide1 bfah .,..d at 
nuonable colt ancl. u a bJ•product. accommodat.a1 
square root. with minor esten1iona. Tbl1 paper de■cribn 
tbe aJaoritbm1 aD4 bardware for botb operaUou. 

ADLe.._la 
We me nonre■torina dlmion wiUa redundant ~ 

Uent di&itl and an lrredundanl partial remainder. Selec­
tion of another dlait. 11 oftrlapped witb calculaUOD of a 
part.la! remainder uama I.be current 4iait. Tba tbnr, 
ud aeaaral lmplament.aUon or bl&b•r radls nonre■t.ortna 
dlYlalon ar■ esplainad bJ Atkin■ (4)[5][1), baled • t.b■ 
work of Robartaon ['1). Tu Dllac m wu an earlJ macblne 
wbicb ■elected quoUent dl&lt■ u1in1 tnmcaUon■ of I.be 
diYilor and partial remainder [a). Tan r■pori.1 [I] Uaat 
nrtalD JBK proce11on UR a abort. pncl■ion ALU to nU· 
mat.a Uae nest nmalnder. QuoUent ■election wblob la 
onrlapped wltb Ula full wldtb remainder ltaraUon ID Uall 
·••1 11 cla11U!■d u qsz bJ 1Cala,clo1lu [10]. BU'OD'■ 
aludJ (11) of HY■ral dlYilion scheme■ includes a radlz 
lour met.bod ■imllar to ow-1, but 1he ncommend.l more 
ndundancy iD tbe quotient di&it. npre,ent.at.ion tbu wa 
found to be optlmal. 

DnfpDNmelr 
Our dlYillon and ■quar■ root board cont.aim llD lC■. 

Dl'fllion 11 llmlted to • llft&le board becau■e or con­
ltralnt■ on t.be me or t.be entire accelerator and tbe 
dUriculty of pa111n& wide operandi b■twHn boanll. 15 
IC■ on the addlUon/1ubtracUon board allo 111pport tbe 
di'rilion operaUon. All pvb an SobottkJ 1TL euept 
tbrec proarammable array Ioele (PAL') packqe■ wbicb 
Implement tb■ quotient diait look-up table. 

Tb■ accelerator ■11pport1 three loaUn1-pomt ,-.. 
mall: aincle, double and (double) est.ended. witb 
■i&niacand width• of 24, 53 and 14 blta, napectiwlJ. We 
me Ule term rigft'Clfcmad ratber than fraction •• a nm• 
IDder tbat tbe qniacant dfalt. tleld of aormalia■d 
aumben ID all format.I Ila■ ane l»lt to tbe left of tbe 
binary point. Sinai• and double preci■ion ■i&nlacand1 
are left ju■t.iaed with aero au before reacbin1 t.be diYilion 
boarcl. ao lta data pat.bi are de■i&ned for 14-bit operand■. 
Tb• operand, a,. po1iUw numben becauae KCS UH■ 
man-m .. nitude r■pre■ent.aUon. 

Internal data paUat and functional malt.■ ar■ ■UabUJ 
wider \ban tbe operand■. QuoUent.1 ID all format■ are 
developed wltb three more blt■ than \be operandi bave 
ID order I.D allow unbiued roundina wltb an error s Ji 
ULP (unlt in lb• lut place), u KCS require,. The three 
bib are called Cuard. Round and Sticky. Tbe Guard bit 
la u■■d If tbe quotient. l1 normalind by on• bit before 
roundin&, tbe muimum aormalllatioD tbat KCS pennita. 
Tb• Sticky bit la equal to uro onlJ If the n■ult i■ uact, 
Le., aU nbaequent blta ID an lnblte precllion re■lllt 
would be aero. Square roota l:aave two mo,. blt■. Round 
and SUclq, Ulan I.be operaD4 beca111e U.ere ii DO ued 
for aormalizaUon. Tbe r■l\llta are nNDded after tbey 
laan tbe dimlon board. 

Reallt.er t.o n1l•t•r operaUon Ume■ are 1lwn ID 
Table 1. Our dimion lt.araUon producaa twiee u man:, 
Mta per c,cle, but bu U.e ■am• c,cle t.ime u th• ori&i• 
Dal. YAX accel■rat.or. Tb• blur loop acccnmta for about 
lwo-tblrd1 af U. Um• ID ••ob bml"llcUcm. 

Table t. - ADcelera\m' lmlnctlon TlmH (pnc) 

ln■t.nacUon Berkele• VAX 

Divide - ■iDll• ... 4.2 
DiYide - double ... 1.8 
Divide - est.ended I.I -
Square root- liltll■ .. 2 -Square root - double ,., -Sauare root. - est.ended 1.2 -

1 PAL ia • tl'edemck o! llnoll1ldc llemain. 



Tb• VAX 11/rl0 microin1trucUon cycle Ume la 200 
m, wltb minor cycles at &O na lntenala. For tbil rwuon. 
our inner loop time■ bad to be 50, 100 or 100 m. Tb• 
l'M»lt ALU 1D tbe main parUal remainder data palh tu•• 
14 DI because we uae omall '41381 part& Tbit lead u■ to 
delian ■imple data patu ID order to acbiew a 100 aa 
atep• Ume. Tbe microproarammer can rwque■t eltber 
one or two d1Yi1lon or aquare root 1tep1 per mlcroln­
■trucUon c,ola. 

Tbe bardwarw nece■■arJ for dlflaiOD alone la 1bown 
lD J,aure 1. wbile t.bat for ■quan root alone la 1bown In 
ftcure 2. Shand funcUonal wut■ and data patb■ are 
r■adilJ ldenWled. Som■ mnall data path, wbicb eue tbe 
\ukl or loaflin& tile operandi ud 1en•raUaa tbe SUc:Jq 
bit are not. Included. 

Jllwll:laa 
. Tb• dMIIDD procedure wu obo•n uu,naab • nrie■ 

of dlclalou: • 

l~J ::i.-:S:.;J;:, -one &Del t.wo, but not tbne 
3) parallelism - onrlapped quoUent and nm&:mler 
4) width or remainder ■■Umate - •i&bt blt■ 
5) e1UmaUon ALU operaUon - uymmetric 

TIie cboice■ made Imply I.bat tbe quoUent 1elecUon loslc 
muat ob1ene ■nen remainder bit■ and four dimor bit.■ 
(one known lmpllclUy). Table 2 la a P /D plot or tb■ loaic, 
where ;;;; (to be defined later) playa tbe role or tbe par­
tial remainder. Tbe cbolce■ are ■splalned neat. 

RadizJ'our 
We bad more board apace a'failable than the aim• 

pleat radis two nllorina divilion acbeme requires. Tbe 
ori&inal VAX accelerator produced one quoUent bit per 
100 n1 by this rnetbod. We lri1hed to make division rut.er 
ID order to keep it in balance lritb addition and multipll· 
cation. Radis two witb • redundant pvtial remainder 
and C&n'J ■ave addition could run at le■1 than 100 DI per 
c,cle, but tbe hardware colt would be sub1lantial and 
■quare root could not be - accommodated ■ully. Radlz 
four at 100 m per c,cle provide■ equal or better perfor• 
muice at lower COIL Hiab•r radis method■ ••re unat• 
vacu.. becau■e tb■y required divilor multiple■ wbicb 
could not be aenerated merely bJ 1blftln1, Radlz four 
can be Implemented with • two-input ALU and ud a 
two-input multlpleaer la front of tbe dimor n1iater, 
ln1tead of fl&ncUoDal unlll witb tbree or more Input■ u 
\be bi&b•r radia metbou would nquin. 

We u .. a nonre■torifta metbod rather tban a rwltor­
lna one ■o tbat tb• remainder lteraUon require, onlJ a 
lln&l• data patb and DO backt.racldn1. Backtrackin1 
would wute tbe lain made throuab lookahead quoUent 
dl&it nleotlon. Tbe c.~t la that neaatln quoUent di&it■ 
must be combined ID an ALU wltb the one■ pnYiou111 
accumulated. Due to tbe low dearee of redundancy ln 
our quoUent di1it repre■enlatlon. W■ ALU muat be the 
full width or the quotient ratber tban tbe Width or one 
quoUent diciL Since the ALU OD the accelerator'■ addi• 
Uon board oan be ■bared for W1 purpo1e, tbe divilion 
bovd cont&ln1 onlJ one full preci■ion ALU. 

£STl"1ATED N~T 1'£HAINDER.. -Ji•• 
~ o-o-a-o-o-o-o-o-o-o-o-o-• • • • • • • • • • ········a·· ·a·o-•~• 
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----00cc----00co----0000 • ocoo--------occoa0oo----
-' ------------occo0ooccco0 
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,.ooo ·2 -, ·2 ·A ·J -.1 0 "' l 1 2 l J 
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DIVl~OI( -d 
Crostlitt.) 

,. 010 ·:1 ·2 -~ -~ -1 ·J I.) 0 " l l 1 :2 2 ,. l 
I. 01 I -2 ·j ·:i -~ 6 ·.1 ·1 D C, 0 J 1 1 l l i 2 
r. I 00 ·2 -~ -2 -2 ·J. ·1 ·1 e e, 0 E l 1 C ~ :2 2 ~ 
I, IO I ·2 -2 •j -.2 ·l ·J ·1 ·1 0 e, 0 0 .1 1 1 2 ~ :2 ~ :2 
I. I IO ·.1 -2 '-2 ·2 ·J 6 ·.1 ·1 -1 0 ~ 0 0 1 l 1 2 ~ 2 ~ 2 

I. I 11 ·2. ·1 -~ ·:i i-2 ·1 -1 ·1 ·1 " (I (!) 0 1 1 1 1 2 2 ~ ,2 ~ 

A -(j_-J2•J1) 
B - (2-s2.) 
C 1-,. JZ. 
D -(1-j2.) 
E _,2 

TABLE 2 - P/D rurr FOl QUOTIENT rELE,TION L~IC 
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A ■quare root aJaoriU:ml 1blfla lta remainder b1 
twice tbe number of re■ult blta found per lt.eraUon. A 
divi1ion aJaorllbm. by contra1t. ■blft.l lta remainder bf 
the ■ame number of bltl u are a■nera\ed dmin& t.be 
cycle. Di'rilion and 1quare root. bardware can be mer1•d 
U t.wice u many bit.a are produced per diYilion 1tep u 
per aquare root 1t.ep. Tbua racliz four dlvilion bardware 
bu tbe advant.aae of conftnient reue for ■quare rooL 

..... duu:J and Simple Dlmar •ultlpl• 
A redundant. quoUent di&il nprennwUan permit.a 

laokabead loalc to alect. tbe nest cliail before tbe full 
precilion nest. nmainder ii det.ermiDed. For muimmn 
ndundancr ID ndiz low. • quoUent di&itl could be 
■elected from a ■et contlinq up to ■nan ft111e1: 1•3. .Z. 
•1, o. 1. 2, 31. Becauu tbe multiple of I.brae Um•• tbe 
diYi■or would be co.Uy to aenerate, quoUent diaitl an 
■elected inllead from tbe Ht 1·2. •1, 0, 1, 21, Tba ooet ii 
more complicated quotient ■election bardwue, but ~ 
1rammabltt lotic limit.a tbe increue to a fn JCL 

Parallalllm 
JD tbe ..:Corlt.bm'■ inner loop. a quotient dillt. ii 

aelect.ed and that multiple of lbe clivilor ii ■ubt.racted 
from lbe ■billed pre'fiou■ remainder. U11n& notation 
auaae■ted b1 Atkin• and Xala70io1lu (12], 

.LJ11+1 • Pl - ,,.,d tore• 0. •••• 111-1 (la) .. 
wben 

p. • partial remainder after Ctb lteraUon 

p0 • dl.tdeml 

r•ndis•4 

1, • (lb quotient di&it 

d • di'f'i■or 

"' ii the number of nclia ,. diaitl in "-• tbe lut quotient 
before rounclin,. fa.. bu lbe form f 1 • 11 • • • I•• wllb 
tbe binary point bet.ween 91 ud 91• 

Jn a l01lcal Nnte, tbe quotient ii accumulated dur­
lnl tbe iteration by re1olvin& Uae neaatin quotient 
dJ&lb. U■in& Q for tbe partial quot.lent. after Use th 
Reration. 

1 . -a.,• a+,, •• ,. (lb) 

where fa • O. An equivalent procedure ■awl bardware 
in ow de■i&D, Tbe poaitiw and ne1aUvw t, 11 an beld in 
1eparat.e lbift. re1iater■. At tbe end of tbe lteratlon. tbe 
11e1auvw re1l1ter ii ■ubt.raoted from lb• po■lU... ane. 

It I■ not po11lble 8rat to •lect Im and tbeD Hff7 
out equaUon (la) In 100 na. Jf 1,+1 ••re known lmm•di• 
atelr, tbe worll cue dtlaJ t.o form tbe nest full-widlb 
remainder would be: 

Read ,, •• from lip-lop QrF I DI 
Select.1 1+1d tbrouab KlJX 11 m 
Add or 1ubtract in DALU 14 a■ 
Setup time for JI&•• in RR 5 DI 

Total Nm 

ID order t.o know I••• at tbe be1innlna or a c,cle. lt ii cal· 
eulated in parllllel dwin& tbe preYiou1 one. Tbe GA.LU in 
J\aure 1 me, truncaUom of p. and ,,., to 1ue11 quickly 
tbe leaclin& bib of Pl• 1• Tben lbe quoUent di1lt lolic 
equaUon1 are evaluated u•~ tbe 1ue11. For lat.er nfer­
ence, deAne ~ and 1,. 1a u tbe truncated input.I l.o 

1 GALU, ud ;-,,., u Ila outpuL Tbe qu0Ue11t •lecUon 
\able la addre11ed ~ t.be leadina blta or lt+a and d, 
wbic:b we denote b1 ft+I and a . ... , ii DOl a truncation 
of Pl••• lince It may differ bJ •• uDlt in lb lut place 
fl'om tbe oorre■poncliDa blb of Pl+a• 

Tb• worst cue dalaJ arowid Ula nlnU• loop la: 

Read ls+a from llp-8op QFF I 111 
Select. 91.,d tbroqb IIUX 11 DI 
Add or aubwct ID GALU II DI 
PndictiOD loiic SO DI 
Setup Um• for 901 lip-lop CllT SDI 

To\a1 Nu 

TllaAl&Cll'Wlm 
Before ezani1nin& tbe pen ALU in more detail, we 

DHd to ezplain lbe diYilion al1oritbm. Tbe ■i&niacandl 
of tbe lnlUal cliYillon operand■ lie ID Ute n111e 

0 c dnidend Po < 2 (2) 

(3) 

became tbe diri■or mull be normllllnd. Tbe partial 
remainder■ JII are two•• complement. wbile the di'rilor d 
ii alwa19 poaltiwe. 

AftarnepC. 

- ~ C ¾-11&+1 C ~ (4) 

Con■equenUy. at tbe bealnnin& of tbe 11est atep. after 
~. 1 bu been ■biftad left to mulUplJ bJ,.. ,. 

I I - t' a Jl.•1 C fd (5) 

Pm can be dri'feD back Into tbe lntenal Df aquatlon (4) 
bJ U:ae appropriate ■ubtracUon or addlUon of sero, d or 
Id. Tb• proce11 ii Wuatrated In ftpn 3-

I t--·J• 9l • • •··- J•O •• ~ C ,., -• 

.._,,•11 ~Js1 ,_. 

F"URE 3 - DIVISION AL6DRITlll1 



Tb• 1etup 1t.ep fort.be aJaorit.bm ■elect.I la• which la 
med in t.be ilnt iteration to moft t.be dlYidend from t.be 
ranae of equation (2) into t.be ranae of equation (4). 
Since the dividend 19 ■t.rlcUy le11 lban 2d, ulUmatel7 la 
oonbibute■ one blt to quotient Q. rat.her t.baD two. If 
t 1 • Z. \ben p I will be ne1aUn and t.be acSjuaun•nt to Q1 
durift& \be 1econd Iteration of equation (lb) will be 1111>­
\racUon. ContequenU7, Q.. bu an odd 1111mber of 
alaniacant blb. 

Milt JI•• Remabacler PndleUm ALU 
Tb• pen ALU'■ wldt.b l■ cbo1an t.o 1atlafT tbe 

aonaictlna demand■ of b11h apeed and wnple quotient 
■elecUon loalc. KeeUna an .blt boundU'f 19 dHil"able 
for d-■ian wltb 4-bit ALU ■lice■. To determine \be 
minimum nuonable wldt.b. ,,. ooat.ruct a table for t.be 
quotient selection lqlc. IDlpacUon ■bowa t.bat tlY'9 
remainder bit■ and t.brH d1¥llor bit.I (pba■ U. Int bit 
wblcb la alwa11 one) an enoqb \o d•t.ermlne I••• ncept 
ID a few cue■. Table 3 lhoft ow quotl•nt ■elecUoa loalc 
oraanl1ed b7 t.beae •ilht bib . ..!!. t.be esc■pUonal cu••• 
elt.ber one or two more bit.I of,,., mmt be ob1enad. 

Tb• att.b and mt.b colWIIIIII or Table I COD\ul tb• 

bound■ on 111; 1 which can be ••t bJ ob■eniD& the llltl of 
;;;i and i 1bown ID column■ two and four. f••• can be 
Alect•d onlJ lf t.b■ minimum and t.be muimum ratio■ ln 
a &lwa row.,. wltblD ~uniu of the ■am• 1Dt.e1er. 'l'be 
bound■ depend on t.be relaUonlhip between,,., andJll+a• 
Tb• CALV'■ input.■ are tnmcaUom of t.be main ALU'■ 
IDputl. 

l1t+1i I • l1t+1cl cboppedl • ltmcl I + (-1.0] (I) 

~ • J1a abopped • J1a + (-1.0] (1) 
wbere t.be lnte"all an ID IIDltl of t.b• laalt llcn14cant 
blt or CALU. Dependln& on t.be qn of I•••• \be GALU per­
form.■ 

!W.. • ~ * , .... a1 .. (8) 

Cue+: 

I!!!.. Pm + (-&O] (la) .. .. 
Cue-. , .... 2!:.!. + (-1.1) If GALU perform■ A•B, but (lb) .. .. 
!w. • !!.!L + (-2.0) If Cl.LU perfonu A•B-1. (le) .. .. 

IIDce • partleular lt•a ma, n■ult from elt.ber addl­
tlon • nbtnatlaa. 

'-•• • Im + [0,I) VI.Pl ol ft+I (10) 
f• Ula u:,mmetrlc CALU wblcb performa A+I or A-B-L 
Tb• tuotl■nt l■lectlall loatc addre11■d bJ ;;';i ad I oua 
........... 

5 

for IHt a o. 
,;:; ~Pm~ 

i+lULPofi-1 cl 

~ + 1 ULP of ;;;i + 1 ULP of fm - le (1la) 
i 

for I•••< o. 
;;:i + 1 ULPof;;;i + 1 ULP or,,., - 21 

i+1ULPofi-1 

- , ... - ;;;'; (11b) 
c1 a 

•here 1 • 1 ULP of Pt•a and cl. 

Tb• bound• can be ... 1ualed once tbe wldtbl of•••• 
uad i an cbo■ea. ID ow d•■iln. I••• bu •iaht bltl and 
~ 1 - 1 
11 J:aa■ four, ■o one ULP of•••• • ii" =• ULP of •••1 • T 
and oae ULP of i • f' J'iaun 4 W111t.rate1 the aalcnala· 
Uonot;;;;. 

t ---~-----
--•-------

3if• 
~IGUJ!£ +. - ji+i' 

Pi 
'J,itld. 

J!!!. 
r 

M us esample. u1wne t.bat ;;;i• blna17 0001.1 and 
i • binary 1.000. 

l.m:I c I.I • !!:.L& U+0.5+0.1125-k &--
1.0+ 0.120-1 • LO C -

AaJmmeta1cGAUJ 
Tb• advant.qe of equation (10) OTWr lta counterpart 

far a ■,mmetrlc CALU ii t.bat •••• wi11le1 lD onl7 .!!!! 

dlnct.loD. l~l ll DHff lar1er t.ban 1Pt+11. Kuar •;• 

~.. 1 
uad i + l ULP of i ra\lol are mulUplea of i" If a 

pncllete4 minimum m .. nltude far 111;• equala * J.. or 

* f • a pndlclod mulmlllll moplt11de quall * ~-
* i' then more t.ban Aw bit.I of •••• must be obHrwd. 
\° aYOld looklnl at mon blu wben tbe muimum raUo ii 
i' for eumple, t.be predicted minlmum raUo would baft 

• ID N a i' But Table S ■hon that the dUlerenoe 



between the P"dicted bound• ll nner u ,mall u L 
u:nlL Since 1,. 1 la uncertain In onlJ one dlrecUon ratb! 
than two. there ii tumcient information without obaen­
lna another blt ID approzimatelJ balf of the boundar, 
eueL 

4'>ur quotient ■elecUon loalc Implement.I Table S 
1111111 31 mlnterm■. An earlier delian bued on a 1-blt 
aymmetric GALU would ban nquir■d H mint.nm. An 
•btt. aymmetrlc ALU would baw net•d ..,.n more 
milltenu and at leut one more blt ID t,+1 or i. 

Altbouab uymmetrJ decreaae■ the ■ll• of botb tbe 
ALU and tb• proarunmabl• loalc. It 11.!!et not aimpUfJ a 
RAM lmplementaUon. Tb■ wldtb of fc+a nmaim ■llftD 
b!!!_ rather tban ■ta because of one bad eue: ■ee 

• (j,.,. cl)• (1110.0a, 1.000) ID Table 3. A liqle Jeftl 
RAM would require wn addr■■I blb. Honftr. a two lffel 
RAK implementation. aucb u tb• DH n11e■t.ed bL!ua 
[a). coulcl trade one more bit of i for oaa leu blt Im• , . 

Terllcatlaa ~1 
Tb• quotient. ■elect.ion \able wu t.11.■d bJ 1lmula· 

Uon wltb all paira of •bit d19ldendl uad 4l9llw .. No 
error wu found uad no put of tbe unimplemented 
n1lon In Table 3 wu acce11cnt Random modlacaUon■ to 
U:ae table HUHd error■ to be detected. 

DlmloD Step bJ Step 
Th• di-riaion operation procHdl ln tow 1t■p1. Hafer 

to J'iaure 1. 
St.ep 1 

Load tbe d19llor Into DR. Load \be cllwldend Into RR 
tbrou,h K1JX and DALU. Tbe IWX 1bifta tbe 41-ridend 
rilbt by fow bib and tb■r■ ii a wired left 1blft bJ 
two bit■ at RJl Tb• net eilect ii to abift tbe cllwidend 
ri&ht by two blt.■. Tbe cllwidend II loaded bJ a rwn­
dabout path in order to ■an tb• -,.ce and delay 
wbicb a mult.iplear iD front. of RR would coat.. 

Stap2 
Put I I Into ClFF bJ addlna nro to HR ID tbe ALU■ 
and reloadm1 RR. Tbi1 leave■ t.be di'ridend ID RR 
witb lb blnarJ point in tb• ■une nl&Un po1iUon u 
th■ dlvllor'■ binar, point occuple1 ID DR. GALU'■ 

lo Po output. - aquam ~ ComequenUJ, tbe quot.lent. .. .. 
■elect.ion loaic cboo■e1 9 1 bJ compuina the cll9l• 
dend and diuor witb tbelr binarJ polntl eorncUJ 
auan•d. 

Swp:t . 
Repeat equaUon1 (tab) 34 time■. Tbe ■tan blt of QFF 
controla the ALU operation. Tbe otber two bit.■ con­
trol t.be KlJX. At I.be end of eacb c,cl■, clock QIT 
Into tbe POS Ulll NEG re1lat.en. Jl&+i IDto RR. ad 
,,., Into Qff. ... , 
Subtnat REC from POS to fDnD Q.. tr Pa (ID RR) la 
ne1au ... then nbt.ract one more U1P from fil.. Tb• 
SUckJ blt. II aero If,,_ • 0 and one otbenrlae. 
Por Ula purpo .. of cllvlaicm. DR II a n1l1ter of tbe 

■am• lanat.b a■ tbe operandL RR la a r■al■ter lb.re• blt■ 
loqer than tbe operand■. DALU la one blt wider than tbe 
operandL POS and NEG are abift n1lat.■r1 fow blt.■ 
loqer tban tba operanda. 

RemalDdar 
~CS dea.ne■ a remainder operat.ion wbote retult bu 

mqnitude no 1reater than balf t.be diviaor'■ ma1nitude. 
T_!) produce tbi■ re1ult. a bup 1tep ii required aft.er diYi· 
1ton. It ii oonftnienl to cbanae RR from a reiitter t.o a 
■bift re1iat.er 10 that t.be la1t part.lat remainder can be 
1bifted beck to tbe ri&bt by two bit■ in order t.o alian it 
wltb t.be di-riaor. 

SqaanRDat 
Tb• natorm, ■quare root al1orllbm produce■ one 

re■ult blt per .tep. Tbe accwnulated parUal n■ult after 
any ■tep la Ula truncaUon of Ule lnftnitely precile 
uner. ■o tbe blta may be collected in• 1bift. re1later. 

Tbe alaorltbm conll■t.■ of •compleUn1 tbe 1quare." 
Two bit■ of tba operand are brou1bt Into tbe calculaUon 
durina each aJcle. Jmqine tbat before each c,cle t.be 
remainder and parUal r■■wt are ali1ned 10 t.bat. 

(ar)' ~ operand• (ar + It )I+ c c (ar + ,-)' (JZ) 
wben 

• • Use tnmcat.ed remit already found 

P • radis • 2 

a.I are 1Dte1en 

c la anal number • P 

and we ■eek I In O • I • P-1 to minimize c a O. Tbe 
current remaincler • (m- + I)' + c - (m-)' 
• 2a:r6 + I 1 + c . I ll eltber O or l. To Ind tbe nest 
ntult bit. a■■wn• I • 1 and 1ubt.ract 4cl + 1 from tbe 
current. remainder. Tb• nezt n■ult. bit ll oae lf tbll 
dUrerence la a o. ancl nro otherwlle. 

Tbe po1ltion of tbe b1nary point witbln tbe operand 
lmpo1e1 only -■ natricUon. Pain of operand bit■ 
brou1ht Into t.be calculat.ion mu■t Ile on tbe ■am■ tide of 
the binary point. Tbu■ lf tbe esponent'1 ftlue II nen 
and tbe ■i&nidcand'■ •alue ii belween 1 and 2, only one 
bit wW be u■ed durin& the tlr1t iteration. Tbe ■ianiacand 
ii 1bifted left. by one bit. lf t.be exponent 11 odd. Tbil may 
nil• th■ 11&nUlcand•1 •alue ln th■ Int lt.eraUon to 
between 2 and ,. ■o tbat two bit.I are u■ed. 

Tbe barclware prmoualy de■crlbed for dlvlalon and 
remainder II eztended ln tbree waya for ■quare rooL 
Sblft n1l1ter SQR bolds the operand unW lt. 11 Intro­
duced Into the computation. RR become■ a two blt at • 
time left ■blft n1i1ter. (Tile remainder bup ■tep 
already require■ lt to be a two blt at • time ri&ht ■blft 
re1i1ter.) DR ll chan1ed from a reaiater \o a one bit at a 
time left lblft n1iat.er ln order t.o bold t.be developln& 
■qua.re root. nnlt.. 

Al uHd ID ■quan root. RR and DALU are tbn• blt.■ 
wider t.ban tbe operand. DR l1 one blt. wider tban tbe 
operand Nca111e \be point. at wblch n■ult bit.I are 
IDHrted Into DR ii two \tlt.■ left of t.be lea■t. al&nidcant 
end of RR and DALU. SQR la one blt narrower tban the 
operand b■cau■e \be 8r1t two bit■ of it. load directl7 iDto 
RR clurin& the IDUUallzaUDn atep. 

A Rota OD SDftwan Square Raat 
11'. Kahan bu 1bown tbat 1oftware 1quan root a1&0-

ritbm1 can and tba correcUy rounded reault ulin& inter• 
mediate iuanUUe■ no wider tban tbe preciaion of the 
operand [13]. The calculation la ■lmpler ii the machine 
can chop quoUent■ and round ■um■. Soft.ware metbou 
can be espected to take between aiz and fifteen diYide 
Ume■• depenrlina on t.be ■ize of tbe proce11or. Tbe 



Iara er tbe procesaor. tbe are at.er tbe raUo. If bardware 
aquare root takes between one and two diYide \imea, ll 
will be about ten time• faat.er tban 1oft.ware. Tbe cboice 
of implementation depend• on tbe Importance of tbe 
aquare root operation and lt.1 incremental ootl In tbe 
t.olal. bardwan deai&n. • 

9qu.,. Root..,.,,_ ... 
Tbe ■quare root operation proceed.I ID Aft nap,. 

Refer to Fiaun 2. 
Step 1 

Load tbe operand IDto DR. 'lb• operand abould be 
Donnal11ed ID Ol'der to avoid wut.ed o,cl•• at tbe 
b•&innln& of tbe iteration. 

Step2 
Set Qff to one If tbe operand'• unblued ezponent ii 
nen. Set QFF to two If tbe ezponent ll odd. ID tbe 
lat.t.er cue, tbe operand will be lblft.ed left bJ me 
bit dminl tbe Dest. step. 

Step3 
110ft tbe operand from DR tbroqb tbe IIUX IDt.o RR 
and the ■quare rbot n1l1ter SQR. 15 bib (not 
lncludina I.be llan which 11 known t.o be pollitiff) 
come out of the llUX. Tbe two blab order bill. wblcb 
are conceptually to the left. of the bin&r7 pomt. 10 
Into Ute leut IJ&nlac1111t bit.a of RR. Clear tbe 
nrnalnin& bib of RR. • Tb• 13 blta wblcb 
are conceptually to tbe riabt or tbe blnlll'J point 10 
into SQR. Clear DR t.o prepve for 1blftiaa ID tbe 
n1ull bit.■ . 

ltep4 
Repeat 15 Ume■: Subtract DR pl111 •• tram RR. JI 
the difference la non•neaatin. tben 1blft. It left bJ 
two bib and at.ore lt In R.R. 8blft. DR l.rt. by one blt 
and carry lD • lo1lc one. 1 If tbe cllt!erence II n•1•· 
Uve, then ■blft tbe old content• of RR left by two 
bit■ and ■bift DR left. I»:, one blt wit.b a can-y•ln of 
aaro. In eitber cue, ■lalft. SQR left. by two bib and 
Ill In tbe ri&htmo■t \wo bita of RR with the bit■ 
ablft.ed out of SQR. 

ll.ep5 
llowr tbe l!t-bit. n1ult from SQR to the normallu· 
Uon and roundina loaic by clearlna RR and •ddin& iD 
tbe DALtJ. Tbe SUcky blt II tbe Ht.b bit. of tbe 
nwlt. It la formed by tbe lo1lcal OR of tbe DALU 
oarr,-out and tbe bit, of RR durina t.be lut lteraUon 
of Step 4. • Tbe tUcky blt ii lalcbed at Uae end of 
Step 4 ■o tbat iDformaUon la not lo■t when RR ll 
cleared. 

Caealulau 
Radls fow- dlwl■lon oaen u1 tbe mnt. oo■t-et!ecUw 

Improvement (in tbe ■ame tecbnolOIJ') t.o ndis \.wo ,. .. 
t.orin1 dlVl1ion. Radls four UHi I.be 1ame hardware 
atnact.un ID tbe partial remainder loop eacept for a mul· 
Upleaer l.o produce a ■econd multiple or tbe di•or. 
Since lbe ALU delay domlnat.e1 \be loop. ndlz four bu 
lb• ■ame ■tep time u radiz two. QuoUent di&lt nlecUon 
la I.be Umltin& t.a■k. 10 •• reduce tbe width of tb• 1'191■ 
ALtJ \o •l&bt blt■ ID order \o -,eed I.bat patb. Our 
tradeoa, beneDt • pro1ranuna'bl1 lo1lc lmplementaUOD 
of tbe look-up table. DU!erent cboloe1 could be belt.er 

1 Tlll C..,,-n\,,.. DAW itu.d dlreclJ:r to Dlt'•WL aldfttapm. 

'If \lal JU\ iuraUaza prod,ac .. • =•· lbtza Ult aquare not. !au• 
mbh.e ambc of nomero bit1 ad the SUc]cJ \St lbOllld be a me. Tm 
ALtJ•• CU77111t ia • om m \lm o... If 1ll• J• Stera\ioza prodllHI • 
aro, IJaeJI ill• St.iclq bit ia • GD1 If \be prmwa remamdu wu JMmSG'O. 

1 

for a RAK Implementation. etpecially a two left! one. 
Tbe co■t of re101Yin1 th• redundant quotient repre1en\a• 
Uon ii low because re1i■ter1 and an ALU elaewbere ln tbe 
accelerator can be lbared for l.bia purpo1a. Hardware 
■quare root ll an 1Dezpenlive esten1ion \o our dlYilion 
■cbeme. Tbe eztra bard•are la • 1blft re1i1ter to bold 
tbe operand ud a lhift. reatater t.o-bold tile ruulL 

kbnl ... eaa•t 
'If. Kahan bu oaered encourqement ud ffluable 

11111e■t1on1 tbl'o111bout the ooun• of WI project. 
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