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CAH YOU COUNT ON YOUR CALCULATOR?"
W. Kahan and B.MN. Parlett

Introduction

Do you care whether your hand held calculator occasionally, very
occasionally, gives completely erroncous results for innocent looking problems?
It can happen; and sometimes the fa]ée answers Took quite plausible. The
victim of such a malfunction, if.he_ie.aWare of it, is.apt to lose confidence

- in the results of 3ubsequeht ;omputations,_ when_wi11 Misfortune'strike again?
: A conscientious user may be'dfiveh fo waste a lot of time checking answers
which are, near]y a1ways, qu1te correct. |

Nevertheless, in certa1n cases 1ncorrect answers. seem practically
unavoidable because ca1cu1at0rs, and large computers too, work with numbers
represented by a definite number of digits,efrequeﬁt1y 10 or 12 decimals,
and this constra1nt 1mposes intrinsic 11m1tat1ons on what can be achieved
with reascnable expend1ture.of time. Consequent1y, as we take precautlons
against being misTed;by rafe misca]cu]atyons, should we not marve1 that they
do not occur more often? Perhaps the risk of occasional bizarre resu1ts is
unavdidab]e? | |

The problem is'net so simple es may appeaf at first, We maintaih thai,
despite its 1imitations:a calculator need never‘de1iver misleading answers.
Calculators can be designed in such.a'way that if a user does encounter
strange. output he can be'sure'that it is not a consequence of anything capri-
cious that his machine has done to him but must be attributed to his data,
his problem, or his procedures. What'is more such a calculator can be
designed at a reasonab1e cost; but that story is for another day.

Qur goal is first to alert the unscathed user to the fact that funny

thfngs can happen on even the best. products current]y available and, second
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to convey a part1cu1ar po1nt of ‘view wh1ch is the prime tool needed to
extirpate anoma11es. Our method is to present three simpie but perp]ex1ng.
examples from a whoie file of mangled computations.. The discussion of each
example illustrates our approach.

At this point another diffi§u1ty-arises: our_hemarks are_critica].
A1l too easily can we aTiehate those whhm'we are most eagér to reach, owners
and designers_of'the more powerfu].ca1cu1ators. fn fact we are reminded df
the Viennesé doctor Ignaz Semmelweiss and. his Scottish fol1ower Joseph Lister
who, in the 1860's, sUggested'thét sufgeons-shoU]d'Wash7their hands before
operating. Since c1ean11ness had not prev1ous1y been - acknow}edged as a
problem in medical pract1ce, the1r suggest1ons were-111 received. Med1ca1
men of those days, espec1a11y those: ph11osoph1ca11y inclined, proc1a1med
that the risk of death was 1ntr1ns1c in surgical 1ntervent10n and therefore
unavoidab1e. How right they_were. And; as they uttered thws‘truth while
avoiding the extra costs of sanitafy precautihns, they made the truth more
true. Now washing hands and donning a clean coat“and boiling medical instru-
ments all do cost something, but surely we may say that the cost is negligible.
The cost of cleaner ar1thmet1c, cleaner than has ‘been customary in big computers

as well as Tittle calculators,. s negligible too UnfortunateTy our ana1ogy

'1s imperfect because the benefits of sanitary precaut1ons are now obvious

in hospitals but still unobvious in calculators. Consequently our criticisms
must be placed in the proper context. The advanbed hand held calculators
are triumphs of modern tethnolbgy. The ones we mention below are among the

best available today and are very goodhvalue for money. Next year's models

~ could be much better.
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Example 1. Non-Standard Deviation from the Strait and Narrow
Several caIcuTatorS are pre-programmed to deliver the slope m and

the intercept ¢ of the straight line
y =mx+c

which best fits k data points- (x1,y1),(x2,y2),..@;(xk,yk) ‘in the least-
squares sense. Our example consists of three sample;points drawn‘fme the
line |

y = x- 666000 3

the fact that the points happen to Tie exactly on the straight 1ine is not



what causes troub1e.; Many.other examples could have been invoked to upset

various calculators; our example's sole distinction is that it upsets so

many simultaneously.

Data: k = 3

; .y

Expected Answer:

Answer Received:

665999 | -1
666000 | O

666001 | 1
m=1, ¢ = -666000

See Table 1,

Table 1
S Number of significant ' P
Calculator . decimals carried by -~ Resg}tm1gs¥ead

o the calculator . '
Heg%ett Packard 22, 27, 10 “Epror"
Texas Instruments SR-51, 5}{1 12-13 Blinks 9's,
Commodore SR 4190R, 5190R 12 "Error"
Texas Instruments h . o
~ Business Analyst | 1? m=-0.02.
Hewlett-Packard 65, 67, 97 10 "Error" or Blinks
Texas Instruments SR- 52 56 T2- 131 " Blinks 9's

These are programmab1e ca1cu1ators using “the manufacturers supplied

software



Discussion _
"Let him who has the mind for it calculate
the number of the beast, for it is a man's

number, and his number is six hundred .
sixty-six."

Book of REVELATION ch. 13-v, 18,
Aside from this quotation we know n0 reas6n to fear the data points,
especially wheh they are entered into ca1c§1at0rs carrying at least twice
as many digits as are specified in the déta. A?as, the redundant 6'5 embarrass

the textbook formula for the sample variance
k k
2 2 2
= ) X, - . -1
I (; (= (1) / L)

which is needed to cd?cu}ate m. Thié formu]é is a natural one to use
when sums 1ike Exj 'andv'Zx;2 are accumulated as the data is‘entered into
thé calculator. But in our example 'Ex;3= 1,330,668,000,002 must drop its
last (13th) digit 2 if it is to fit into the 10-digit machines' registers,
and consequently 032 must. be ca]tu1atéd aé-O instead of the correct va]ue 1.
A 13-digit calculator appears to be needed to get the.right answer for our
example; but why do those 13~digit calculators fail? The TI SR 51 faiTs‘
because it stores only 12 of.the 13 digits it calculates for each'eﬁtered
datum. The TI SR 52 has no sucH excuse; it fails because its arithmetic'
occasionally mangles the thirteenth digit when opefated as its’manufaéturer
advises.

Gur éxamp]e usually 911Cits two coentradictory reactions, sometimes both
- from the same person. The first reaction is to protest thatunreasonable
demands are being placed upon the accuracy of gomputation. After all,
accuracy is only a means to another end, and no worthwhile end is.served by
'this example except to demonstrate what happens when a calculator is applied

to a problem outside its domain. We shall deal with this reaction later.



The second reaction is to po1nt out tr1cks by which the correct answer
could be coaxed from the calcu1ator. For instance, all goes well if any of
the redundant 1eading 6's are stripped off all the x-data and put back at
the end; this amounts to a translation of the x-origin into the midst of
the data before calculation and a trans1ation-back_afterwards.r But the
trick is a mixed blessing. . Although the trick can be proved mathematicaliy
to be reliable and has reappeared in the 11terature recentTy (Harms, 1976),

it is not a trick we shoqu expect calculator owners generally. to know and’

trust since it is ment1oned nowhere in texts nor is it touted as a "feature B

of the calculators in the1r 1nstruct1on manua]s Moreover, the trick entails
the nuisance of extra thoughts,.extra-keystrokes,'and'extré opportunities
fo blunder. Did you remember to undo the translétion'at the end of the
computation? What if the data '(xi,yi) arefgeneréted by a program and
cannot be scanned or predicted in advance? How does the trick handie the
fit to a power curve y = cx™. when the x-data is closely clustered? ATl
these questions ¢an be answered; their answers miss the point. |

The point of our exdmp]e is that the foregoing férmu1a‘fai1s on quite
reasonable data.  We wduld_be free from troﬁb1es and tricks if the calculators
“had been microprogrammed:to usé a different and better algorithm 11ke_thé
one reproduced in Fig._B;. In other words,.ca]cu1ators which use the fore-
© going Ukz formula are capable of solving reTiab]y.on1y those problems
whose data 1ie in an artificially: restr1cted doma1n

wh1ch br1ngs us back to the first react1on we shou1d not use a function
Qutside its domafn. *Where is the boundary of that domain? It is not dis-
cussed in texts nor in calcu1ators'-instruct1qn manua1s,‘_It is too comp1i-
cated. In Appendix.1 we.destribe that domain in -order to_persuade.you that
the information that has hitherto been=den1ed you is information you would

prefer not to have to know.



None of the troubles or tricks are necessary. As soon as statisticians
and computer programmers realized that the troubles were caused by their |
algorithms and not by their data, they invented (and re—invented,.from the
1930'5 onwards) better algorithms. One such algorithm is discussed in an
elementary text by Forsythe et al.. (1975),“and we-reproducé it in Fig. 3.:

This alternative scheme costs only a few extra ar1thmet1c operations
per datum, but it delivers answers accurate enough for all statistical
purposes nho matter how many figures are specified in the data. .If the
mathematically correct answer is wanted (this wﬁ11 be more accurate than. .
normally needed for statistical purposes) there are other schemes which
~ cost only a few more'storaQe'régiSters and a few more arithmetic operations
(clean, not dirty ones). The benefit that justifies these schemes' extra
cost is that their user need not fear that his answer might be wrong because
of roundoff. His answer may be wrong because of.statistical or other
methodological flaws, but hot'because of anything done to him by his
calculator.

The mistake made by the désiqners.of the calculators listed in Table 1
was their assumption that a standard formula found in many texts was the
way to do the calculation. We know just how 1t feels to make that kind of
mistake, so we won't Taugh_nqr jeer, Besides, some of our co]]eagues have
pub1ished‘“1mprovements"'af that formula which have turned out to be worse.
We do Hope that our examp]es.wi11'st1mu1ate designers to think about their .
calculators' other functions-(Togarithmic, trigonometric, ...) in a clearer
1ight. Are bizarre results possible? If so, are they avoidable? If so,
can they be avoided at a tolerahble cost?

The foregoing examp1é concerned the question of finding robust formulas.
The.next example'concerns the care with which basic arithmetic operations |

and elementary functions -are carried out.



Example 2. A Financial Miscalculation

Suppose n payments of $P apiece are deposited in a bank at the end
of each of n periods during which interest accrues at the rate i%  per
period, Then these payments and their interest will accumulate to a "future

value" §F  which is given by
F=py™1)/(y-1) at y=1+.01 .

Let us try the reasonable (though not nowadays realistic) values

n = 365 days
P = 10,000, 00 | |
i = 3.6500364% per annum compounded daily
_ 3.6500364 , | -
365 )

Various results are given in Tébte 2. .it is important to know that, acéordm
ing to their owners' manuals, "11 digits dre carried for each result through-
out all calculations" on the TI machine.whereas the HP machine‘"always com-
putes internally using.IO digits," although these cafculators normally dis-
play 8 digits. Despite its extra digit of "accuracy" tﬁe TI machine has
embezzled §27.93. This .is not much in a sum of §3.7 million, but it is
comparable with discrepancies.through which gross computer-aided frauds
have been uncovered. $27.93lis-big enough to éatch-the bank examinér's‘eye
and waste his time, big Enough to undermine Confidence that no bigger
discrepancies Turk in those Tittle ca]cu1ators

Although for larger 1nterest rates the d1screpancy would probab1y be
smaller, for smaller rates it is often worse, and worse again on some earlier
financ{él'ca1cu1ators; for’ihstance, the obsolescent HP-80 would émbezz]e

$37.78 here.



CTable2

Calculator (working accuracy) .'}_ Calculated Future Value‘$f
o e e
He?}gtzjgacgzzd)HP 222 or 27 o T .  .  : $3'?17:24}_85
§F correctly rounded to nearest cent - $3 717 241.81
'Eaggaigzirgzﬁtpayment rounded to | 1. $3 717 241.85
Eaig ;gzirgzﬁtpayment chopped down 1 .' 43 717 239.98

Discussion |

Once again the_point'here is not to find a:trick by which the correct
answer could be teased out of a recalcitrant. ca1cu1ator The point‘is that
routine business caIcu]at10ns Tike these could have been completed satis-
‘factorily by routine methods if the"ca1cu1ator s-arithmetic had been imple-
- mented cleanly.: Instead avo1dab1e ar1thmet1c anomalies in the 11th figure
have injected unnecessary nojse 1nto the 6th Should the businessman trust-
all the figures d1sp1ayed by h1s business ca1cu1ator7 If-not all, then
which? Must he take a college course to.f1nd out?: The ghosts of Joseph
Lister's medical colleagues might-whispe¥=(ffu]y)'that there areeintrjnsic
and unobvious lTimits to what can be_calcu]ated;with only 10-or 17 significant
decimals, as if to suggest (false1y).that Example 2.1iesubeyond_theee limits.
But today's‘ca1cu1ator-manufactufers-w111_have none’ of that lest. those
whispers_persuade businessmen~tb-defer.purchase.untfl they cen-buy'ca1cu1ators
carrying 16 or .20 or however many decimals are needed to get the right
answers without reservations, '

Will 16 or 20 digits be enough? -we.hope.our"exemp1e_has engendered a

certain uncertainty and wonderment. ~How did the calculator with the extra



10

digit of accuracy get the worse, the signifiéant]y worse, ansﬁer? It is
not a fluke. ‘Tﬁe error in the TI calcu]ator'ariées out of two sources that
have been extirpated from recent HP ca]cp1ators{
(i) Serious relative errors in logarithms of numbérs very close to 1
undermine the caTculationslfor large n of y" = exp{nin(y))
at y = 1-P.Oii. For 1nstahce;-this 11 digit calculator claims

that
" 1n(.99995) = ~5.00016 00000 x 10°° "instead of -5.00012 50042 x 10”

An error smaller than this caused most of the embezzlement above.
(ii) . Anomalies 1htrbduced into the tenth and eleventh figures during
basic arithmetic operations (see three examplies in Appendix 1)

:undefmine the rest of the calculation.

Here we abandon Example 2 in févbur of another which promotes
the anomalies from the sixth significant decimal to thé first.
Becausé the nextfexémplé concerns the |
same function ag peforé, we hasﬁen'to qssure'the_readér that we are not
trying to get maximum mi1eagé out of one_trouﬁ]esome”functién which wé
happén to have stumbled upon. - This function was picked as the simﬁ1e$t way
to show why‘neither intuitibn nor doctrine Q111 protect us from the revenge
that roundoff errors can take when they are dealt with in an arbitrary or

slighting manner.

5
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Example 3. A Good Formula Tainted by Dirty Arithmetic

" The problem is to evaluate near x = 0 the function f(x) which is

given to us in composite form as f(x) = g(y), 'y = h{x) where
h(x) = (%—xz)'(3+3.45x2)'-
is.a tame 4th degree polynomial satisfying h{x} < h(0), 'and where

| V1) for y # 1,
g(y) ‘{ B - .
olere oat ye=d

is another po]ynomia]z(df degree ]26) déspftg appearances. Hence f(x} is
a po]ynomiaT‘(of.degree_504)-which-bghaves quite_mi}d1y for -0;1 < X < 0.1
as Fig. 1 shows. o _ o : |
Although the function g(y); i$ perfect]y.smooth the fgrmglg_given for
gly) has a singu1arity,at y = 1 which is_apt;td distract attention from
the smooth behavior of g(y) near 'y - 1 " Therefore the function h(x)
 has been devised solely to ‘ensure that y = h(x)~iw111 always be strictly
less than 1 on~every.ca1cu1ator.. Th1s is so’ becau;e ; will be chopped or
roundeddownto 0.333...333." Consequent]y the Forniulas défining fx)
never break down, a1though they may appear to flirt with disaster.’

Tab1e 3 shows values ca1cu1ated for f(O) by several calculators,

Discussion | | -

Only the later HP:caléulators give the corfect value.127;_a11\others
give very wrong answers but no warning. Thaf behavibr is typical df what
happens with all tiny x. For no values x in -1 <x <1 -do ﬁhe 1éter ‘
HP calculators deliver fewer than 5 correct significant decimals; this

cannot be said of the others.
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Table 3
) Number of significant
Calculator ~ decimals carried by Calculated f{0)
: : the ca1cu1ator'
Hewlett-Packard HP 80 : - 10 - 13
Hewlett-Packard HP 21,25,45,55,65 0 27
Hewlett-Packard HP 22,27,67,91,97 _ 10 127
Texas Instruments ' : : '

Business Analyst , : no 100
Commodore SR4190R, 5190R 2 12
Texas Instruments SR-50,50A, :

51,51A o121 14
Texas Instruments SR-52,56,51-11 12-13 128
Monroe 326 B 13 12

Despite appearances, Example 3 was not designed as a commercial plug
for HP calcﬁ]ators. The examplé was intended fo discrimindte between calcu-
lators that do and those thdt-don’t provide correctly rounded orlchopped
basic arithmetic ahd near1y.correct1y rounded logarithms and exponentials,
and to discriminate 1ndependent1y of the number of sighificant figures
carried.” -

A natufa1~réacfiqn aQainst.Examp]e 3 is to deé]areﬁfhat it is worse
than artificial, that.ip 15'pathoTog1caI.  0ur financial example and the
performance of the newer HP calculators should séotch that declaration.

One reader suggested that the use of the formulas for f;‘g and h. given
above was asking for froub]e, and that anyohe misguided (or ignorant?} enough
- to use them.deserved wfong answers. We will forego comment on the attitq&é
revealed by such sentiments though we do fegret that anyohé should become

so inured to dirty arithmetic as to accept it as natural Taw.

* - i
We did not fully succeed. The earliier HP calculators Tisted in Table 3 do
not round quite correctly, neither do they provide nearly correct Togarithms
and exponentials; but their errors appear to cancel fortuitously for our
example. The Commodore SRAT48R gets the correct answer too but via differ-
ent and unlikely coincidences. '
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Another reaction is to devise a]ternatxve formulas for aly) wh{ch
will survive dirty ar1thmet1c " Here is one of. its hidden costs, the need-
less exercize of 1ngenu1ty. Our example was not presented as a challenge to
the reader to gét the right answer somehow. Many an experienced programmer
can circumvent the rouhdoff errors via different formulas for gly), but
they all take much Tonger to evaluate than the natura1 formu]a and are more

prone to key,stroke errors. The s1mp1est alternative is

gly) =1 +y+y34_. ”_'_+y]'25.+y]2.6

hut it costs over 250 keystrokes. A less'obvioUS ermu1a is

64 2
y -y 27

¥

gly) = () (42 1y (- ) (™2 )(1+y
but it is still much-cbgt]iér than the_ndturél formu1a

() ty-1)

gly) =
RSN .
using any‘of‘the.fo110w1ng ways to eva]uate y

y]27 *'y127 using the yx'key'

‘exp(127 Tn{y))}
Ly )2)2)2)2)2)2
12)%)2

2,2\2
) R

ly
y(y(y(y( (y(y? )) )’

The surprising th1ng about th1s examp]e qu1te contrary to 1ntu1t1on,
is that 10 clean d1g1ts do s1gn1f1cant1y better than 13 d1rty ones, and” you
can prove it. With clean ar1thmet1c and a reasonab?y reliable logarithm,

127

you can prove that any of the four forego1ng eva]uat1ons of y in the

natural Fformula for d(y) " must y1e1d va1ues for f( ) = g(h(x)) correct

to at 1east half the d1q1ts carr1ed Th1s is true both for t1ny arguments

*The 12- figure TI SR-51-I1 performs this well only if y 127 s calculated
from one of the latter two evaluations w1thout us1n9 y s exp or 1In keys
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like x %# 10 and for not so tiny arguments like x % 1077, although
different reasoning is needed in each case. For ways of attaining full
accuracy in thé evaluation of g see-Appendix 2. |

Let us glance briefly at what makes.arithmetic dirty. The chief cul-
prit 1in the production of many misleading-answers, including those in
Table 3, is lack of the intérna1 guard digftnneeded to deliver correctly
rounded results. Here is an example to show what happens without this guakd;
whén y==0.99..;99 ‘those calculators must calculate 1-y as follows

1= 1.000...000  ...to the calculator's full precision

-y = =0,999..,999% 1ast 9 drops for lack of a guard digit
1-y "=" 0.000..,00010  ...is 10 times too big

To code around this kind of error the'function_ 1-y. may be replaced, for
such calculators, by the" express1on (0.5-y)+0,5 or by 0. 5-#(0‘5-&)
except that only the latter expression works correctly on the old TI SR 52
{try them for y = 3><%J.  Different more complex tr1cks are needed to
compensafe for 1ogarithms with Tow relative accuracy at arguments near 1.
Multiplication and division without guafd digits introduce phenomena (Tike
AxB # BxA or'-é%-# %ﬁ-which matter only raré1y?.which is fortunate
because the tritks'required to compensate for those missing guard digits
are prohibitively expensive.

A few disconcerting fesu]ts sogon teach the wily engineer to program
defensivé1y against the idiosyncracies of-his calculator. He may engage in
pyrotechnical progrémming or he may practice respectable mathematical analysis,
but the*energy he expends:and the satfsfaction he gains by his exploits
represent a hidden cost to the company.that employs him. primarily to- do

something else.
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The Mora] of the Story

Our examp1es emphasize the contrast between ca]cu1ators that do not
and those that do try to perform ‘their arithmetic tasks as cleanly as is:
fmathemat1cally poss1b1e desp1te that this clean11ness costs more to achieve,
 We have argued that clean arithmetic costs Tess to use, that it is more
forgiving, that it may be‘Used-stkaightfdrward%y:with better prospects of

success, and that when things go wrong the reason will be more susceptible
- to ana]ysxs and repair, less an artifact of an 1nscrutable phys1ca1 device,
We c]a1m that the benef1ts far 0utwe1gh their costs we wish we could prove- -
our c1a1m Tike a mathemat1ca1 theorem, but we cannot R

Alas, there does not ex1st any ca1cu1at10n that can be performed by
clean arithmetic but not by dirty ar1thmet1c,-that is a theorem, The extra
price that must be pa1d for. a1ways re11ab1e computat1on with dirty arithmetic
1s the prior. d1scovery by prec1se mathematical. ana1ys1s of more than we
wanted to know about our'problem, thns-stqtement.can be formulated as a
theorem too. The cost Qf5that aha1ysis'dépénds upon who does it, and how
ofteh,‘in'ways that are'béstnleft_uhsaid. But this is how dirty arithmetic -

" costs more to use than does clean.

Important to any fa1r d1scuss10n of comp]ex dev1ces like ca1cu1ators is
the distinction between (a) blunders in the 1mp1ementat1on of a given perfor-
mance specification, and (b) niT—conce1ved performance specifications. °
There is much to be.éaid about both'tOpfcs;ibut'HOt_here.. A few slightly
oracular comments on (a) are ineﬁ 1n'the next paragraph,

The thankless work of the Quality Assurance department will not likely
improve in the near future as long as ménagemeﬁt sets so low a value on it
as to begrudge‘the talent, the tools and the:time_for good work to be done.

One obstacle to improvement is that quality assurance for calculators still
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looks like a hardware. job whereas in fact it involves difficult mathematicaT
software issues, but in disguise, Biunders of type (a), uniike those of |
 type (b), are sometiﬁes acknowledged by the manufacturer when he recalls
the calculator for remedial action. A recent instance is proclaimed in
Table 4. As painful as such action may be for both customers and manufac-
turers; ﬁt reinforces rather-than‘undermineé confideﬁce among present and
future customers in the products' and producers’ fntegrity, because acknow-

Tedged errors are the only errors from which we can learn to do better.

: Table 4
% . sin"1x radipns..’ sin"}x radians
correct to 10 sig. dec. on HP 67 &97
3x107° C3x107% 3.02x 107
ax10® | 4x1076 4.10x107®
5x 1070 5x1070 5.20x 107°
6x 1070 6% 107 6.40x107°
- 7x107° "7x1078 7.58x107°
8% 107° 8x 1078 8.92x 1070

These six values x_ and their negatives, and the
corresponding sin~' and cos™' values in radians,
degrees and grads, are believed to be the only ‘
serious anomalies in early HP 67's and 97's. They
were discovered by a customer, J.E. Dannenberg, The
manufacturer is actively pursuing a way to resolve
this probiem. _ - ,

This article has focussed on (b). If'is'a plea for what we call clean
| arithmetic; guard digits sufficient tb yield torréctly rounded algebraic
bpérations; carefu11j evaluated e1emen£ary functions, and preservationlof-
those mathematicé] reTatibns whose violation would surprise a thoughtful

customer (e.g. a+b =b+a). MWe do not seek an unattainble perfection;
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"~ the bib?iography"tontains some items fhat show what can be done. And when
we say that the added'éoSts40f~c1eah!arithmetic are heg]igib1e'we refer to
the performance penalty and'£0'the added cost of production. The cost of
designing cleaner arithmetic ‘into calcu1aters, especia11y'the cost of pro-
longed delay during development, will not beéomefnegTigTb1e~unt11 the -
designers are famijiar with the appropriate mathematical technology,

The necessary mathemat10a1-techh0109y has been developed around some of
the larger general purpose electronic computers It-is not so readily avail-
able as we would 1ike because it is scattered ameng a few individuals and
some relatively obscure publications; only some of;thegmore sophisticated
large computer_inStaI}ations benefit from this'teeheojogy.'iMany a‘iarge
computer suffers ffom erfthmetfe and'e1emeﬁtary functfons fully as dirty as
the worst small calculator; cf. Kahan (1972). Moreover, most members of the
mathematical cemmunity are“ﬁgnoranfsof ﬁhe-techno1ogy;needed by the calcu-
1ator designer. . Were he to seek advice 1nd1scr1m1nate1y he m1ght well receive
counsel of unatta1nab]e.perfect1on- Norse he couid rece1ve reaffirmation
of those misconceptions which some of our co11eagues~taught h1m and still
‘teach An article 1n the. N0t1ces of the Amer1can Mathemat1cs Soc1ety
(December 1976) R 422- 430, says

It is inherent in any numerical computat1on on-a mach1ne
retaining only a fixed number of digits, that subtraction
of numbers agreeing in the first few digits is a very
inaccurate operation,... . In numer1ca1 work, there is
no real number zero.

These statementis are m1slead1nq, the m1sch1ef com1ng from various mean-
ings of the word "number  We do not wish to 1aunch 1nto mathemataca] niceties
at this stage because al] that needs to be sa1d is that ca]cu1ator5 work with
digit str1ngs of a prescr1bed 1ength andthesestr1ngs have no 1ntr1ns1c

‘meaning whatever. They can be 1nterpreted in var10us ways and that is where

the difficulties begin.
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ThéAassertions quoted above are natufa1 consequences of interpreting
each digit string 1n-the-machine.not as a definite real number but rather as
a sample fromthe interval of a]T'those real numbers whose leading digits coin- |
cide with the given string. This intefpfetation is neither true nor false;
it is simply a model, the so-céjled.intervaf model. It leads its adherents
to accept odd results (ab#ba) as inevitable; it is different enough from
ordinary arithmetic that a business man will have to take time to abﬁorb some
of its implications if he is to accept a 1it£1e embezz]ing as a predilection
of certain calculators. The intarvé1 model does have its uses; the error
lies in giving it the status of natura1.1aw; |

An -alternative 1nterpretation, in widespread use among numerical analysts,
regards each digit sfring in the machine as rebresénting.the unigue ratiqﬁal
number obtained by appending to the given string infiﬁitely many 0's. The
examples given above suggest that the choice of model is not siMb]y a matter
of taste; it provides the mental framework for formuTating the crucial per-
formance specifications which we have.been7discussing; We shou]d choose the

model which leads to the greater_economy of thought.
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Conclusion
"As you pass through 1ife, brother, -
Whate'er be your goal

Keep your eye on the-donut
And not on the hole."

(Sign in a coffee shop)

wé.coﬁld fi?] theée'pages'with”é_1iétiof'misConCEptﬁons and ‘flaws
revealed when tfigonomeﬁric;-hyberbolfc; financial, statistical, navigational
and numerous other functions are produced by:variousfsma11 electronic
ca1cu?é£ors; Théf‘wou1d-be'a.chur1ish way to étkhwaedQE”the calculator
indusfry's maghificen%'écdbmﬁ1fshment; ésﬁebié11y”whéh5our-ihtention is to
help enhance it. We see_thé'phenqmehaITy widespfeéd initial acceptance of
these Ca1cu1afors aS'ah Jﬁp§eéedented opbdrtuhfty, and thereforé_obTigation,
to take some of the mystery and more of the ted1um out of mathematics, and
thus to amprove one aspect of 1nte11ectua1 product1v1ty ' Most of that oppor-
tun1ty, and 0b11gat1on Ties exc]us1ve1y in- the hands of a relatively small
.band of calcu1ator'dés1gners Any defects 1n ‘their conception of finite
pfecision arithmEtit'wiT1”bé visited on all uSers fqr generations to come.
Provided they are not'%ébuffed.by ignoranée7ahd51ndifference in the market-
place, we trust they they'wiI] rise to the challenge ohée they know what it

is.

Acknowledgment: We wish to thénk‘our friends for lending us their calcu-
lators to be tortured and vilified.
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Appendix 1. The Domain of the Standard Formula for oLz
o k k- e
For definiteness suppose302x;;nand Ex.z ~have been accumulated using
10 s1gn1f1cant decimal ar1thmet1c for 12 s1gn1f1cant decimal ar:thmet1c

-10- -12 in what F011ows Then roundoff could force the calcu—

replace 107~ by 10°
1ated va1ue of Ukz to suffer from a. re]at1ve errov-as, 1arge as
5x 10 IOZ x /o | rough1y1 In extreme cases, when that quot1ent exceeds ]
roughTy, the ca1cu1ated va]ue of okz'lm1ght not be pos1t1ve, otherwise the
ca]cu]ated va]ues of s]ope m and 1ntercept c “can be no worse than if the
- data had been contam1nated by not qu1te random no1se whose standard
dev1ation is roughly 5><]0 Ex /o ~.Only when ok is. sma11 compared
_ w1th Zx 2 can roundoff have a s1gn1f1cant effect but the appearance of
squared terms here 1mp11es that the effect w111 be s1qn1f1cant sooner than
might intuitively have been expected | | _
Certaln frequent]y encountered soec1a1 cases should behave better than
1mp11ed by the prev1ous paragraph when the data cons1sts of at most, say,
100" pairs of at most-4- dec1ma1 1ntegers then the sums %x and-Esz are
accumulated exact1y, there 1s no. roundoff In these cales ‘k2, m :and C
: could be de]avered correct]y rounded prov1ded they were. calculated by aptly
chosen algorithms. Unfortunate]y,.there 15 ev1dence that some ca]cuTators

algorithms were not apt%y choSen= 'Forr1nstance try xJ = 9966+ ], yj =.3-1

S for § o= 1,2,...,32,33 (k= 33) on the Texas Instruments Business Analyst.

Instead of ‘m =:1’ c = -9967 we get m = 9989983305 and ¢ = -9957 00033.
The d1screpanc1es seem to be due to s]oppy ar1thmet1c, a]though ‘the Owner's
Manual (p. 3) says "All calculations are-made to 11 digits.,.", the ca]cu—_
lator says that 10:3°= 3.3333333330 and (.99999999999)2 = ,99999999901
and 1 -.99999999999 = .00000000010 so it really carries onfy 9 or 10 digits

correctly. Another example, this time for the Hewlett-Packard HP 91, 1is
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[t}
3

1971 1973

fl

X 1972

X2 X3
yy = 300 Yo = 325y,

13

350 (k=3)

which calculates for ¥(x) - m£4-c the value §(1974) = 375,75 instead of
y(1974) = 375 as correctly calculated by the HP 27 and others, See Fig. 2.
The discrepancy here arises when'an expression, arb+ced s eVa?ueted as
(asb/c +d)-c. Neither of theSeua1gebraica11y equivalent expressions is
appreciably more vulnerable to roundoff than the other except when all values
happen to be 1ntegers and on1y the first is eva]uated exactly. :The'ca1cu~
1ator s designer chose the second expression because he had only two internal
registers to work w1th and the first expre551on needs threei his manager had,

in effect, asked him to fit a size 13 foot into a size 10 shoe.
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Appendix 2. Attaining Fu11 Accuracy for g

We cannot rejoice at the sa1vat1on of ha]f the d1g1ts carrled without
mourning the other half's loss, even though S0 severe a loss almost never
happens. For .almost all the. va1ues of n and Y that matter in flnanc1a1

calculations, the express1on
: o n
g {y) = Y-/ {y-1)

is capable of producing correct]y the 7 or 8 s1gn1f1cant dec1ma1s ‘displayed
by the TI Business Analyst prov1ded 1t be ca1cu1ated with c1ean1y 1mp1emented'
1 s1gn1f1cant decimal ar1thmet1c (Perhaps the TI eng1neer who chose that
expression did so under the 111us10n that the ar1thmet1c wou]d be cleanTv
implemented.) Better accuracy (e.,g. the error conf1ned to the last d1q1t)
requires either higher precision or a different formula. One different
formula is displayed in Fig. 4; it calculates .gn(y) _correct in all but
the last digit carried for all n and y > 0 provided reasonably clean
arithmetic, logarithm and exponehtial functions are used. Whether Fig. 4
is a trick or a treat we leave to the reader's judgment after he has sought
some better procedure. Ne1ther Taylor ser1es nor the expans1on
gn(y) = 1-ky-+y2-+~-.-+yn'2-+yn 1_ can-eas11y-be exploited to match Fig. 4's
performance, especially when n is huge;'and_if dirty arithmetic must be
used'the obstacles grow formidable, 'Besides, whether Fig. &4 is trickier
than Taylor series depends on what you are usedltb.- B |

- 0f all the calculators mentioned in our aftic1e, only the HP 22, 27,
67, 91 and 97 enjoy arithmetic clean enough to guarantee correct resu]ts
from Fig. 4's procedure. Bes1des being far swmp1er to use thaﬂ any other
we know, it can be proved ‘correct in less time than is needed merely to

figure out, via Taylor serjes and other methods, the diverse procedures
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that attain comparable performance on ca}culators with dirty arithmetic.
(Watch out when |n(y-1)] >> 1 >> |y~1[!) This example is just one of many-

where clean arithmetic costs signific&nt]y less than-dirty to use,
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Linear Prediction'with HP 91

| | 376
Y - h——HP's prediction

375 .
: )*3 ~~correct prediction

1374

350

325

300

1971 1972 1973 1974



Figure 3

More Accurate Mean and Standard Deviation
Instead of accumulating Xxj and'-ijz, accumulate

ko | |
My =_§gj/k (mean vajue),-and

k

= 2 _ 2 Y

via the recurrences
M= M= Wy +_.(-xk—Mk’_]_);k Lok,
O'} =. 0 ] Qk = Qk"'] + (xk"Mk_'I) (k""!)/k L] k> 1 L]
until all aata_haé'been.éntered, and then get

gl =0/ k)



€3

Figure 4
A procedure_to calculate
0,(y) = (y'-1)/(y-1)

for any n and y >0, with reasohab]y clean arithmetic.

n

Set v = yn. If _yn underflows reset V = 0; if y  overflows skip
to step 6. _
If v=1 then gn(y) = n and all subsequent steps must be skipped;

Otherwise (if v #1) ...

Set G = (v=-1)/(y-1). If.‘G overflows so. must gn(y).

If !v~1| 3_0.1 .then' gn(y) = G. except for jts Tast digit, and‘time
may be saved by skipping all subseqﬂent.steps. 'However, tﬁe‘next step
does no harm. |

g,(y) = 6-(n Tog(y)/log(v)} except for its last digit; if overfiow
occurs here {or in steﬁ 3) it is pract1¢a11y unavoidable.

This step is needed only to cope with the unlikely possibiiity that

yn may oveff1ow-a1though gn(y) does not. This dah happen in only
one way; if n > O then set g (y) = yn'1/(1 -1/y). Otherwise ove}f]ow

is practically unayoidab1e.

B
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