COSASIN, TXT 28 Jan. 2008

Computing 1 - 8* Accurately in Binary Floating-Point

buppose 0 < s = sin(B) < 1 . We wish to compute ¢ := cos(8) from s
as accurately as we can from formulas ¢ = 1 - .82 = (1-g)+{1+s)
Which formula should we use to minimize rounding error? Let formulas
FO(s) = 1 - 5* compute 1 - (52 + 852} + fc® = ¢2 = BO-& and
Fl(s) := {(1i-s)-(1+s3) compute (l-s + 8s)-(l+s + BE) + dc* = ¢c* + Kl-€
where

EO{s) = (&s® + bc*)/€ and El(s) =~ %(l-s) + (l+s)ds/€ + 6c®/&

Assume € := NextAfter(l, +w) - 1 , as is the case for MATLAB whose
sps = 1/3°52 , and that arithmetic is rounded correctly "to nearest".

Evidently EO0 is smaller than El if s is small enough, and El
i the smaller if s is close snough to 1 . We seek a threshold o

optimized to minimize our rounding error-bound if we use FO(s) when
0 ==« o and Fl(s) otherwizse. o = 3/4 bsecause ..

If 1/48 < s < % : 1/8 < 52 < % and 5/4 < c® < 7/8 .
In EOG, fis® = £/16 and 8c®* = ¥€ so EO(s) = 5/16 .
In Ei, fs = ¥€ and 6o = ¥E€ so Blis) = %(l-z) + ¥(1l+s) + ¥ .
Evidently Eli(s) > BO(s) , so use FO(s) to compute %

If ¥ <5 < 4% : ¥ < 3 <% and % < c¢®* < 3/4 .

In EO, &s® = €/8 and 6&c® = ¥€ so EO(s) = 3/8 .
In El, 8 = 0 and 8c® = ¥€ s0 Bl(s) = %(1l-s) + % .

Evidently El(s) > BO(s) , so use FO(s) to compute c*
If 4% <5< d3/2 + % < s° < 3/4 and 1/4 < c® < %
In EO, &8s8® = ¥€ and &a® = 0 so0 EO(s) = % .
In Ei, &8s = 0 and 6c® = €/8 so El(s) = ¥(l-s) + 1/8
BEvidently Ri(s) > EO(s) just when s < 3/4 80 ...
if s < 3/4 wuse FO(s) +to compute c® , else use Fl(s)
If 43/2 < 8 < 4(7/8) : 3/4 < 8 < 7/8 and 1/8 < c® < K

In HEO, 8s® = ¥€ and 6c®* = 0 so EO(s) = ¥ .
In Ei, 6s = 0 and 68c® = €/16 so HKl(s) = ¥(l-s) + 1/186
Evidently El(s) < E0(s) , so use Fl(s) to compute c*



