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Cowmsd ey uhai Fappens in bthe formalas for logfYr  above when Y
ceects oy wmay Y o= 1 o+ B Fow o mome very tiny ¥ . Than
Ium(?l == %flﬂ(‘) very neariv., Now o o= 1 for v = ¥YSE0 s
Eﬁﬁfy) oo - i{n{.}} vy fearlv.  Bub if &5 de tiny enough,
@ few orders of : » bigger than rounding srroes in logiy) o,
Thiery log iy will ;mnnd e =il - Al 3N instesd, where »
itk # dn oabt most dite First few sig. bits even Though Thoss
Hig. fBits lis far to the vight of the bicasy point, and then the
value oomputed For bogil¥) o= D 4 Togiy) o will be »SIinld)  instead
of  BESIe i), ol Ffer imoalls bl the first few sig. bits. Fore
irstsns Wb i Peods rounded to Five sig. dec.,  and
SLAP at moo ), 0014434 ¢ then  logiy) s -0, 99905074
Freaard s to Five sig. dec.,  and bhen bthe compuled
valuae of iuqfY1 i 1 e QLRWYRA = O, B00TA000 . fs revesled by
cancel lation, the absolute error ds biny bt the relative ereor
it tantamount to losing owvsre half the sig. dec. carvied. There

a a ' For sdamsle Dhe imvalving boag iy ALY 1)
Wl e S e thalt could have disoone

kAT St { ¥ W TR Ty T ok g

l
0

4

Tor mvodd this error revesled by cancellation, we have to restrict
the ranges of Freduced argument oy o= YOS cepeming 1t oloser
to 1 o Tee ways bto do so come bto mind.  The cmppleal reduces
imdbtiaily to oan dnberval that includss bthe o 1AV oy
Bl omet omuch o meors. IF this reduced v 2 1 procesd as befors;
cbherwise replace v by ¥y’ o= 1Sy, computed actually from The
Fowmal a1 wm o e ) Sy reasons b becoms olear later, and
tramr ; mi{y) Iy o Thuas, bobth v oand v &Fe
now Fesbrio rLam e s roughly 15y w1y, and
wmhasr Y dm ter fhﬁn om0 el smevers 1wﬁllm?imﬁ e
PHBWE DL, g Tevbel  BI0HT famd by of numerio Coprocd
this & oot srror dn bthedir log o functions below two unJEm in
the @as (&ath)  bit. Mi{ this First simple way to avold ssvers
Garel ?zﬂlitﬁi 31 !

i
gy sy brs ivision o gcompuate 1o oL

The ssoond way s subble and reguires anobher tebhle of constants
_ whogg (1 - 27k ‘ : '

put o may bhe faster Deoslises
gt A W IR VN S L O T A 1)
aming  y-1 . I+ mormserc, i
whidoh posi Cive 1ol
..-.."’:’:'J.-—M

P M= 1 I
divide as befo

%

it nesds no division by v . This Time
i Aoy o ASE  arel thaen

pﬁTHP agxponent will tell

3

M= @ below . If v < 1 pessudo-
g 1 \t the iewlation of septicd et i et
its can sbard WLlh et i ry o omarlier o 0 . JBut if
v b proceed gl fferentlyvy First replace vyl by
y'oe dmm (e BMYy e m Eyeef ) o BeMy o
thds will bhe caloulated ssactliy in Ffloating-point arithmetic, and
v owild ?aﬁ & 2 oand oy well within the intscval from
1/pdl7 4 = FE&HEIT. .. to 1 whereln pseuwdo-division starting
Feomn Qs Dan sucosed, Thersafber do unto v -1 what would have
besenrr dlome unto v-~1 3 Fieast determineg from its Floating-point
sponent which leading peseuwdo-quetient bite are predictably sero
aricl so nesd oot b gensreat 1g compute logiy') ,  a&nd Finally get
log i) S N=TeR M"R‘") o b vty

wherupon no mers than a bit o two will be lost to cancellation.

2

i

coarvered ok i o

’

A owmdmilar pair of btricks de availlable to ameliorabe




gl Flap. 28, 1789

-.—
H)
=
s
e
L
i
o
.
X
i
Py

1

Whisrt  « i# @ smmall
paeudo-oivision and

tapmt {xf ~etly only For
sEmibility is z g from owhich
trpmt {y) wm - R I 5 o care b
el H chiwvisiaony  thiz is what
rmmliy of v gt posmeibility i 2wl
~iog il —- 2k s Llakle.

with  1/70m {2 the int
S I “H LOETRSIn AR g
tupmi (e fbv o
woof e EeM Ty

A

CLovE numbisre, ME owe shal
comud biplicat
e

cauring the caloulation of tw
i

later

Hic

tbves

T e

tiven

Wi o

M

:_l'l“, f[l'(l'j}(
date omary of

Fwiyl ﬁmﬁ L gy
T mLf oF e
ioomvery addition in bhat

Tl Final swne e determined

"nd
@rrors g e
o mLimmat i

Froarret i rig
the o

Y«

The mabur sl
Lowa d amlon RO T |
simultaneosuns iy with the generation oot hhe
terms In bthe sum in order of inor
ot right),  so K :
itods generald
Top{vw)  bBubt nob %hﬁ
tire it ;
achdin
by

sitimmat i on would form that sum
R TR A -1 N T- R R ol =
(5 ot ient bits
ing subsoriphs
it i s consumee
5 way Lo conputa
FiTMEA it loses about log(l~M)  of
an acownulation of r ounding errors caused by
mﬂler tearms to s slowly chargdng sum. Just
. myoner the Motoeola HERHT and HERE2,

actd i g
Efrom )
BT B

dhication is achisved for the
] -{-: ».,.«m:. .l. v L.« Vo ;.a.dz.i n.;:g;; “.h g onomEers termns in increasing order
D ‘udm Bt cenr Lok subsoripts Ordght to ledt) thues:
qmlL; A o " 1 1-4d=n=ty - L ., + chol g (Pl ) oy,

i : rounding errors of foat the right, s=o
goerrors tend o deown oout fthe saelier onoeos, R Iwit
arne or twis bits can be lost to roundodd i the sevnal i on
tut the peo Fracguires Dhat ihu poaudo-guotient bits
to bhe consuned in the ordee opposite to their orgationg
ie owhy this psewdo-nultiplication Porung moderately
f«i awar than the meatwal order of summnat '

Ehe 1ast

M 1

conslderations arise during the prasccio-nul tiplication that
i g Z%  and 21 . Fewr small possibl ve valuss of 0 ow :
”“nmi{ o @edwm (e, /2 (g s4Y (L L POl AERY D tupmd (b
can be caloulated feom ladtt to right, using the pessdo-cpetient
Bits e in o bhe order of their creation, o from right to ledt
in reverss order. The latter ordes sowmlowed by having to wait
urt il oall pasudo-gued nt o bits have bheen g ated, but that way
it acowmulab e Mere e bow 1t workssy

Comopute tupml (xl) from some arapar e domat 4 o Vﬁliﬂ fonr normegaetive
timy values ) < 2<L/0002) . Then for ko= Loy Lomty L3y 2.
noburn o until mo nonrero g be left unused, "ﬁi(u}atw

A



Looighpad Mar. 22, 1989

: Brpml (e ) = buptid (e ) el b Lupml (e 32
Fimally  tsxpml () iw the last of thesg calowlated. This pseudo-
maltiplicaticon prog ifte gariiser rouanding serrors ofd st Lhe
Fight =o that the mot acounul ate bevond a bit o bwo.

e

the heart of
i gl AIn
e Ther Fowmsr i

e @il wWliEE
mmrs wate too,  But

i 2l lw i floaating-poalnt
spdmrd il Lest the aoowracy
shifts further complicats

this one for  tapnt ixe) , dying at
|::3 Li«:.'%t...:----a.i 1wi aryoandd psewdo-mul tiplication, can bs
gt Flosbir ok O vl o Bt € yujn% ﬁrwzhmwt1r
zimpler to programy bhe latter ds
i b i are avallabl
Lhe whif o e handled aat
Fravwe Bo "Pﬁmmwﬁ wuplicihly dn
gained by or oides e loast.
Ties ﬁlgmrithmd :riﬁtimmﬁu

4. Pseudo-Division in Fixed-Point Arithmetic ‘
The idealized psewdo-division algorithm o compute logiy) began
with & %Famtimﬁ v o o hebwesn 1% 00 and 1, and generated
¥ie = oy (1 ql-ﬁia14~qu4)(["qufﬁ}fiwb,u"){i e S 2R
= LSO b e AERTVY L b e AERTRY 0L L, D) RS (R
For ko= L, B, X, 04, L.y Loode turn. . Each pseudo-guotient it
the i@ withesr O o 1 according o the following oriteria:
£ 1200+ 2% 2 vy 5 1 then o = 0 and v & Vi
@ 1A (k) o 10 e Bk oy S 1

iF Ay Rt k) vy 1AM LY bhen g ™ 1 and e = oyees {1 B0k

TS W T el BN G UV G T

These oriteria would allow o to be chosen srbiterarily as O o
1wk 1/ {37k 2 yeoy o5 P00 4 2=8) 0 bt the choice has to be
algorithodically simple. The following recuwrrencos will dos

T4 v {1+ 37%) 2 1 then g = 9 and  vie ¥ Y

wlsme g, = | e ve W . L1 b k),

Thi e g ®whd 1 owss bwo problems. (e is how to starh it
The otber acvcumul ation of roundofd for reasons 11 ke
those above that mobtivatsd reversal of bthe ordes of gonsompbion of
paaudo-gquotient bits during peseudo-mueltiplication.

To inhibit zive accumalation of roundofd . we introdoce a8 news

wd el vaed sl e

e om OER Tyl .
Tihe First valus o= Later., Thar the foregoing
sobhis Formr Forr ko= Rl K2, L.y LI turmg

AP A Akl v 15 S VPR I PO R &

Witk e = 1 unless that would violate the last ineguality, in
which case o = 0 . Later we shall ses why 004 2 2 1 5 Ehis
pamrmite the z-recwrence bo be dinplemented asing a fized-point
giater to hold the fractions =2e ¢« & riqh#m=hift@r te form
s an adder to osdd them, and a shifi- g to save The
W [ B qurlsnnl Rites e o Foundiog srroes do ocowr when bits of
ol SV 1 ifted off,  but bits shifted off in later st s i
Farr to Lhe rsﬂht oof Bite shifted of¢ dn o sarlis stages, so they
cley mot aoocwnani ate. At the end of pseuwdo-division, the fraction
By Im ”ub*flink.J into & polynomial or ratdonal approximation ho
Tyl o : Lo be chosern later in section mamm .

We shall ohooses
e e e hak

How should the z-erecurvences start? Recall thalt pseado-division
] : ibhle 34 andd only 3F 0 VS (ERY oy, 4 ¥mr every By and

2 will he brue For oewvesy k0 3F dh o dw bewe for o bthe Fiests In

’




4!

twrms of the aled vardables 2.,  the condition necessary mmﬂ
sucfFiolent for suoo ful pesudo-division s 0w wy w VT {R7RY 2
whara §{ty = {1 - {/p{t)ist woold soussed with 5ty dn wuri" my
the appendid. Th z ineoual it Wwill be satbisfied for all k44
matd sfied for the fivst, Kk = How sbiall thatl be seranged?

Depending upon whickh of the complicaticons in te Z have been
choesen to cope with cancellation, peseado-division will begin wilth
# Floating-paint fraction v that lies in an interval like
- - i AR Sy 1 1 i g woa 1.

Floating-pialnt ol fte it one of
ponding intervals, W%HPF?1VL]V

12475 (T LRI R S %) Il Qo w o BSED

that mabkes 154 Pa W @ 1SE oo from b
( muporent of @ . fhis ts the initial valus for b
wprgorrence above edcept for bwe considerations.  First,
arbvants B bto el owuntil ooge o= 1 so thet Qe will
porEera pessudo-guotient hit,  and record this now to
ive eight-shifting later that would 1ose AOOWNETY.
Eooowiill be advanced to K ox 1 did ox lies dn the first teo
wals, to R ligs ip the third interval above

&

{ in which case an ~consbant hy o= Lo {372 will not be ne

)

The second unp#rP o the initial ko= B bo be considesed what
Mraprperts Ly o : b owwomom 0, In e Cases Dobth p Acheae
division and aultiplication can be skipped.  logiv) ’
@xamatly i p b g acd 1 bt to get 172 4 8x o1
arcd use the sdforemsttionsd approdimation to logol -~ @78 .

£

"*’-Llf“li')""i'H vigion algorithm Lo compubts tupmt (x)

afficiently small positive nueber » and e
3 st et .il*n? Ky o generate nonmegatilve numbers
Mg B B 3 1 [Tl F" T2ty - (']a} €3 [ =2y o a {.'ka.{ (] (] d-k)
WO doag (HRRTE=0) oo ealog 1 RETHT2) (R TP e Tw IR (Sl Jate S G
fow kw1, e oAy wawy boodim b oh peseuwdo-guotisnt-bit
Gue 48 elbther O e | acceeding to the following oriterdon

Pf 0 diger o logiisEord o bhen gy o 0 and M ¥ M.

‘ @las o = 1 @i He & Heog - o ileETe) .

This recwrresnce s numgrical ly satisfactory 14 carvied oub in
Floating-noint arithmetic bt the Eowoild waste time on exponent
gomparisons and noermslization ad a@llation., Faster fized-
porint ardthmetic reguires the introduction of a scaled variable
S = ERTlue aned fed log-constants ke = 28 v1ag Ml
Thieses ImQM“ﬂﬁmfnnTm Form oan dncreasing seoguence of fractions

hyo w4 méﬂwﬁn"u, Ne o= Q. EGERT, L., ke owm DLATEVOL L. oy s
Premaricd e " S 21/l 4Y om0, TRIEATE, .. . { »y may not be
I cTw M e soaled log-constants and variable mobivats the
introduction of analviic funcbioms A8 = log{l + LY /020 and
eaty o Jogyin (LYY SOEY bt discussed o the appendd t :
Apparently evers By 4 e l@TR) O {0) = g too, so ang  h
can be kept as fractions in fised-point reglsters.  Flesd-point
ardbbhmetio suffic T geeerats &, by uthﬁﬁw*

Fow kowm R1 U P O T 4 F i g %
with g o | uﬁT“ﬂ= wondo violate tbhe 2 ;nequa?;i,g i1
whioh oase e = 0O, Ir\\rdwﬂ the fised-point Lelhers are
wicle snough ., no o roncding ereors ooowe during b h RS TN KT b kv Y- I
anc rouddng errors g ba ' metants Ay Ffall to the ri
of bBits already rounded pres wihhout accumalating.

’

The idealized ps

car-bed with & ol L

i1 1

4

..--.‘;

“ ke & D




Mar., 9@, 198%

Pk o is bhe initial ko= B ohosen
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