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Square Root Without Division

The objectiveisto compute Y := VX for agiven positive X without using division operations.
All schemes for doing so exploit approximations r to R :=1/Y = 1/¥X . Such approximations
can be improved arbitrarily, limited only by roundoff, viathe Reciproot Iteration :

Given anot too bad approximation r = 1/VX ,
abetter approximationis r:=r + (1 —Xr?)r/2.

“ Not too bad” means 0 < rvX <v3, andthen r hasamost twice as many correct sig. bitsas r

has; TVX —1=—rvX —1)4(rVX + 2)/2 . Each quadratically convergent Reciproot iteration costs
two add/subtractions and three or four multiplications, depending upon how multiplication by
1/2 isimplemented. Repeated iteration until R has been approximated adequately yields an
adequate approximation to VX = RX too at the cost of another multiplication. Combining this
multiplication with the last iteration for T toimprove y :=rX to y :=rX =y + (X —y9)r/2 saves
amultiplication and, if r isaccurate enough, providesafinal y=+vX amost correctly rounded.

Quadratically convergent Reciproot iteration costs more per iteration than alinearly convergent
iteration that uses one fixed approximate r = 1/¥X to improve each of a sequence of unrelated

approximations y=vVX to y:=y + (X — y2)r/2 at the cost of two add/subtractions and two or
three multiplications per iteration. Provided r iscloseenoughto 1/vX and y isclose enoughto
VX, thenew relative error y/VX —1= —(y/VX —)((y/VX = 1) + (yWX + 1)(rVX — 1))/2 will
be smaller than the old; each repeated iteration will gain about as many correct sig. bitsfor y as
r has. Thislinearly convergent iteration makes sense when the ultimate accuracy desired is not
much better than has already been achievedin vy .

A first approximation r = 1/VX isconstructed viaasmall table-look-up. Except for special cases

like X =00, X =0 and subnormal X , IEEE 754 formatted X = 2k(1+ f) isstoredina
floating-point word whose fixed-point interpretationis Z = (k+B) + -f , where 0<f<1 and B
isthe exponent bias, aninteger like k . A fixed-point constant C+-g dlightly lessthan 3B/2 can
be so chosen, with integer C and fraction -g lined up around the “ binary point” justlike Z ,
that a shift and subtract produce the fixed-point word S := C+-g— Z/2 whose floating-point
interpretation is the desired first approximation r good to at |least three sig. bits. For instance,
when B =127, set C+.g:=190.451 to keep therelativeerrorin r within +0.05 .

For better accuracy, some bitsof -g should be taken from atable indexed by afew bits of Z
including the last bit of k+B and the leading few bitsof f. Every additional bit of index more
than doubles the memory bits needed by the table and contributes about one additional sig. bit to
r, whose accuracy will be multiplied by subsequent Reciproot and other iterations. The optimal
valuesfor -g depend somewhat upon the way in which r will figure in subsequent iterations.
Tricky details, including how to get VX correctly rounded at the end, must be left to another
occasion.
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function e = rcprtplt(g, N % ... witten for MNATLAB

% To estimate 1/sqrt((1+f)*27j) for j =0 or 1 and 0 <=f <1, try
% the approximation r = (3/2 +g - j/2 - f/2)/2 for some 0 < g <=1/2 .
% Rcprtplt(g) plotsr ‘s relative error as a function of g at 2"N points.
% ( By default, N =8 .) A good value for g is 0.451 . ((©O W Kahan)
if (g<=0] g>0.5), g, error('"Keep 0<g<=05."), end

if nargin<2, N=8,; end

N = round(N) ; % ... Make sure N is an integer.

n=2N1) ; f =[0: n]'/n; x =1+ ; x = [x(1:n); 2*x] ;

ri =0.5(C 1+ g - 0.5%f ) ;

ro =r1(1l:n) + 0.25 ;

r=1[r0; r1] ; % ... r approxi mates 1/sqrt(x)
e =r.*sgrt(x) - 1; %... 1l <=x=(1+f)*2" <4

plot(x, e, x, 0) ;
title('Relative error r*sqgrt(X) - 1') ;
x| abel (" X') ;
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Reciproot Iterations of Higher Order:
For an iteration of order k=2 let qy(z) bethepolynomial in z obtained from thefirst k terms
of the Taylor series

(1-2)Y2 = 1+ 22+ 3228 + 52%/16 + 352%128 + 632%/256 + 23128/1024 + 429272048 + ...
sothat q(z) = (1-2)"Y2+ O(|z[) . Then theiteration that replaces r= 1/vX by

1= rgl-Xrd) = WX = O(L-Xr3f)/VX
isan iteration of order k. Implemented in floating-point, each such iteration costs k+2
multiplicationsand k add/subtractions. Thisimpliesthat theiteration’s efficiency is ultimately
best when the order k minimizes
(timefor (k+2) multiplications and k add/subtractions )/log(k) ,

which occurswhen k is 2, 3 or 4, depending upon the relative costs of multiplication and
addition/subtraction. For example, oneiteration with k =9 replacesrelativeerror 1 —rvX by
1-1X =+O(J1 - rvX|?) at the cost of eleven multiplications and nine add/subtracts; but two
iterationswith k = 3 make aroughly similar reductionin therelativeerror (if it'ssmall enough)
at the lower cost of ten multiplications and six add/subtractions. However, M. Keynes said

“ultimately we areall dead’; sothe optimal order k may be determined by other considerations
when therelative error in r isnot very tiny. Anyway, order k >4 seemsimplausible.

Further Reading

Articles about computing, rounding and testing square roots will appear in the Proceedings of

the 14th IEEE Symposium on Computer Arithmetic to be heldin Adelaide, Australia, 14-16

April 1999. Until then many of these articles can be found posted at
http://www.ecs.umass.edu/ece/arith14/program.html
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