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‘7 A_'tis tract
_7_A¢curaéy?in'ﬁﬁmericélfcomputatioﬁ is,nét §n éﬁé‘in itself,

~ but a meahs:to“ofhé;-eﬁds; Oﬁl?.wﬁéﬁ-£hqée'endé:;ré.ﬂot-cléariy -
in viéﬁ is accuracy an_aptractive ekpedient;'if iﬁ i; ééhievdﬁie

at all.
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‘The Table-Makers' Dilemma - "
"It is: confldently belleved that - the'f
. case$ where.the LeTTOT: exceeds £0. 51"
‘fj{unlts of. the 1last ‘decimal could be~
, counted on. the_f;ngers of one hand; e
~  those that are known to exist form ~~ .
.- an uncomfortable ‘trap for any wouldu'"
- be plaglarlst._ : S

" Chambers 's Shorter Str—Fﬁgure'
Mathematical Tables (1959)
"L.J. Comrle - :
.The'ideelhcoméutatienfwo&ld predﬁce.borrectiv'rnunded7nuﬁerice1
' results in error by at most +0 5 ulps (Unlts of the Last deC1mal Place
clted) But ach1ev1ng thls 1deal can be more than expen51ve, 1t may be
flmpossrble. Ccnslder, for_example,lthe‘computathn to 13 51gn1f1cant 't

."jdeeimals_of N

1/3% + r/: + i/:‘ + oo +:1/fzﬁ%1)?_+_';ﬂ,é‘(7/8)c(3i—-1

'where C(s) 1 fs?_ie'Riemanﬁ‘s Zeta%functren.n Wdrking to lstigni?
flcant dec1mals ylelds a value
0.0 51799 79026 464 50... , -

,srcértain hy’,l. in the;last;decimal cited Should Ln 13 #hreignificant '
figure be rounded upmorldown? Rather than guess we recompute worklng to

18 significant decimals, and get'
0.0 51799 79026 464 ussss... |

'uncertaih'by 2 in theflast decimal‘cited ' Shou]d we try agaln, carry~ '

- ing. more f1gu1es, or. should we conjecture that the true value 15 prec1se1y""

10}6-51299 79026 464 s 7



fiCan,this;eonjedtﬁfe be“décidedfﬁofe?easllynthaﬁ;ano;hér{morégﬁémpustl;;,,

-“cenjecture ‘about the Zeta—functlon?

' Ihis d}lemma. famlllar to the table;makets of old .ﬁow affllets
:tﬂeif aescendanﬁs‘&ho erte'ﬁgmerlcalfSU£IOUtlHESg1ntended_to serve othéf"ll
usais'of the eléctrdnié;cnnputer.;' | ' ' '

h Thgrailemma'pefsiSEé Whéﬁ. c01rectlf rounded” is, replaced by the e
ostensibly -léssr'lde‘“‘éﬁdings 'P.hf;-se , Correctly choPped" For ‘,c"'x.amPle,_ 't'he..: .

:valuef of
' -eipfﬂ%léSJ = 262-53741_26407'68743}39a§9“9§999d39250 0725974 :

.annnot be corteetlyuchOPPed to 18 slénlflcant.declnals nntll 3l are _T o
-.known, anybody who computed Just the flrst 20 d1g1ts,_then the flrst 25

then the flrst 30 mlght thlnk he had dlscovexed a new 1ntegral value _:f
';exp('rr/_)\ to Jo:.n m.th exp('n\/_) and exp(m/—) .

7 The dllemma is latent 1n any demand that the compuLed approx1mat10n
.'a_.to a number x| bejobtalnable frpm.eoneeruleg_ aj=-r(m), lwhlch.maps :l

' the:continunm onte a-diettetelset, as:dn*the tulee fer-eorfect,chepning;ﬁ :.n_
and entrect tounding (see Knuth (19655_p;a1§73f§£'oné definitlonﬂnf.the' |
funCtlon ﬁr(&) = roundﬂx,p}zé "o 'renndéd to-ip "dlgits").f_snch a napping o
rl.eftects a_nartitien‘nf;the.continnnn”lnto_nnn;onetlappinghintervalad |

N with'whose boundary nnintej'm--nuatjbe cdnpafed infotder'to detetmine

r(m),- and that comparlson:may defy effedtlve computationn(cf.aalso_

Abergh (1971)_?nd-refereneeaicited_therej;lhﬂewever;iWhile it:ﬁnuld:be _
Iimpfactical to_inslst_upen nonehhut7disjointdpartitinnslff,,.it.neuld-he.

unwise to relinqnishgthem'entirely.f

x T T T : g —
4 propos of Riemann's Hypothesis.seegRosser,_Yohe and Schoenfeld (1969).
- As for (7/8)5(3) -1, the value given by H.T. Davis. in Tables of the '
- highen mathematical functions;'vol Ir :(1935) is  e.0 51799 79026 464 495972...

+Thls value is glven by D.H. Lehmer 1n W T A.C. 1° (1943) p. 31




Why should we not, when speclfylng hoa accurate 6ﬁe;c0mpctertecb;le S

;routlne ought to be merely relax the error tolerance ﬂi0;57ulpeﬁlto,

7,say,zr'iO.Sl.ulpe ? Because d01ng so would for example, permlt the"

-_6;deéimal-approximatlons _cos(D 358) 0. 936600 and cos(—o 358) +q. 936599

7”~to be suppl1ed 1n place of cos(+o¢358) =9, 936599 499381..-‘, thereby

' abandon1ng the srgn-symmetry of the c051ne functlon.; ‘For another example;”
- imagine a functlpn ¢CE). knowngby everyone whq needshit.to be;strictly

~monotonic, and coﬁsider this.Efdecimal'tabelatioﬁ'

_ :x.cf- ¢ﬁr) tc'G dec}_ 3;-“Truec-¢ﬁr),.
.0;999998, e 0, 700002*  ©0.700002 35043.,.
6.999999. . 9.700003 . 0.700002 45002,ys

. 2.00000 . 0.700002 . ©.700002 s50$37...
©1.00001 . 0.700022° . ".0,700022 45007...

which:foreakes‘l¢ls:ﬁbﬁétdhicitj;f beelatioee;like these froﬁffamiliar :
relationshiceﬁsuch_aelslgh—symmetry;.mqhetchlclty,pericdlcity'(e;g.:of
;f(x) = gin ﬂmj, integer'valuee:(e;g,;'log 1 =0), iﬁequalltiaef(e;g.'
cos f{l,_ and.‘coehlxhi1exp;x_3,sinh x'z!x when uﬁiiIO) ahd certainlf
ll7-identitiea (e.g‘e”ZET é:[x],‘_aad.'log;btlon).eln htorlihtegera._ﬁ=i;05
can create ccnfusion; especiallf durlhg'prograh dewbuggieg;.out eflall':
.propertieh tojthe emélllehd;figureherrers that caese the devlatlohs; :Al
. departure;-frcm-those relatiOnahiﬁs:whichhpersist‘after;elemeﬁtarﬁ-funcej;
"'tions are rounded'correctlj,-cannot he excueed.by cbseryihghthat“eome |
other relat1onsh1ps (e g t?r32;¥ x, "c¢$%£-+.51ﬁ2x~=:1? 'tan'r %
.sin w/ces'm)'.can only be appr0x1mated to=w1thln.one er two ulps when
_each elementary functloh is correctlY_rcundeq;:suchzan excuse”could be:

promoted to carte-blanche.by'the fﬁrthEr'obserﬁation thatTOther_siﬁpler



A .__.l .

'-relatlonshlps llke' 1og(exp x) m for tlny m,.;

'ehuge m,_ must.be approx1mated poorly..;;nfivf_},_,ﬁ
..517 Fortunately; most mathematlcal relatlonshrps whlch survrve the- 0;5 niﬁ:'
ll'error in correct’ roundlng w1li alse surv1veIerrors.larger'than O 5 ulp
’but smaller than 1 ulp, and those fem reiatronshlps Wthh mlght not survf
:v1ve the 1arger errors can be savenﬁw1th a llttle extra care 1n CTltlcal -
parts of a program Thls extra care is worthwhlle 1f 1t‘costs less tlme-
than will the conqu1on and recrlmlnatlons it saves;- Whlle programmlng r'
.elementary funetlons for the IBM 7094 II at. the Unlver51ty of Toronto

_ between 1962 and 1965 (see my 1968 notes) I found that extra care cost
1ess.than'0ne month's-extra work“per'program, and‘slowed”the_program by“; 8
less than 10/ 1f at all 'Moreever- mueh 6f the;ertra workhwaa eevdted.te'
':provrng_ mathematlcally f]rst and then by runnlng‘tegte on data; that the
program performed as. well as I clalmed 1he klnds of c]alms i made are.,“

s 111ustrated by.the programs
COS , ~COSPI , SIN , 'SINPL .

which were written to compute-trigonometric functions:

lf.-'

(l—l-E)'c.o's'('lTY')'. B |

COSPI(Y) :
B SINPI(Y) = (143)51n(ﬂY) y l f_i;”'” L
cos(X) - = cospr((1+a)x/w) L o
| sin(x}h: = SINPI((1+5)X/W) ‘;-":'

where € represents an error smaller than . 1 ulp of the computed value,
upon which alome € depends, and & represents an error smaller than -

4 ulps in.donble—preeision'of the argument X, -upon whieh alnne"6: depends.

:j exp(log x) m for L



S'p'eci'fic_:'allj, [ [ < 1 2 ><10 ;.,aﬁ [a; < 10 'on’ the 7094.f" Thle. érgumént—:]fr

'“,jfperturhation 6 is an unav01dable consequence of the reductlon of X modulo;--ri

i2ﬂ;f the nalne:of .ﬂ 1s'represented bnly.to.double'precralonghhﬁtican be_”ze
| Liignereﬁ:nhen Ik! < Zﬁ or when every zern of _cd$:¢-7§ff:sinl¢? iieshfarther{
frdml:X: than 1 ulp in 51ngle preelalon._ And- when X 1elnerY”iargeh 8 -ééﬁf__
'_?e ignored'unIESS'-Xc-ls rePresented‘preelsely by 1ts atered value because,h.;.,f
when hIX] 5310? changlng X by one ulp may changer sin X gna‘:COS'Xff o
'nttérij; BN B S B

The computed values satisfy familiar inequalities
ABS(COS (X)) < 1.0, ABS(SIN(X)) < 1.0, ABS(SIN(X)) < ABS(X) .

forfall. x;. Sign-éyﬁmefry;ié.preaeived.;rslnei, aﬁd: COSPI ave precisely -
periodic and apnrenrlate1; ﬁoﬁaﬁonié;.é é”-if' X and V dlffer by one' o
.:ulp thenl COSPI(X)-—COSP(V) has the COrreet e1gn or else vanlshes. 'COS(X)h
and SIN(X} are 51m11ar1y Tonotonic for [XI < ZW.. The 1dent1ty o

- sin’x +hceszm ;:1"15 approx1mated to w1th1n two ulps by an Jnequallty
ABS(l DO - DBLE(COS(X))*ﬂZ DBLE(SIN(X))"a2)7<I25<1Qf§ o

: valid for all X, Consequently no diagnbstic is issned"when. [Xf is huge,
3'L0ntrary to a practlce COmmMOTL W1Th programs that v101are the. last 1nequa11ty."
As of May 1966 these 31ngle~prec1°10n- SIN and-mCOS programS'were

the most accurate avallable for the IBM 7094—11 and 6 to: lO/ faster than ‘

hany other programs claisiing aceuracy_w1th1n 2 ulps.



" perfection vs. pkécticé]ify;FrE.-fm

'°i"The maxim o : S
- '"Nothing avails- but Perfectlon

may be spelt shortcr,_ : :
'-'Para1y31s

e Hinge of Fate", ﬁ.thﬁ;.i
. Winston S. Churchill
Born in tte‘shelter of'theséteves.of'Aeaﬁeme; my pregreﬁs_ad:ﬁet

eXeﬁelify curteﬁtfeommefeiai ptactice[ ;That'ﬁrectiee teﬁds té te”lese,'
metieuloes, accor&iﬁg“tojCedyr(1§70j3 With;aee;ohteteﬁdihé-exception;”thefi :
:elementary functlon subroutlnes dlstrlbuted w1th the- FORTRAN llbrary for_ tn-'
-.IBM?S 7090~7094 ‘and system/360 machlnes 31nce 1965 ‘have been nearlv unlmpree—
: able.,r These program documented in tﬁ* ‘ | 7 R

IBM 7090/7094 IBSYQ v,13 IBJOB Proaessor Manual
“ﬂeﬂdM\ H Eorm C”B £3qg S '

IBM System/360 FORTRAN IV Lzbrary Subprograms
' Form €28-6596,

- are the.work'mestiy“of ﬂlrondogKukl at the Ueivetsitylof-chieagb.' The

fexeelience'of hie wotk_is tﬁe.mere'eotewerthy for.haviﬁé.been'accompiished‘u.

desplte the nastlness of System;360 s hexadecimal arlthmetltv 'The;sottware

1ndustry owes him a debt that could Heat be repald by 1m1tatJng his style

o whlch is. characterlzed by Qu1ntlllan.s maxlﬁ "Ars est celare artem”.

Cne example, extended precision-division will illustrate Kukirs stfle.

- To compuLe a rorrectl& rouqded or thepped quotleﬁt requ1re5 etther an 1nteger—

.arlthmeret lelalen—w1th temalnder or an.exp11c1t calculatloe of aﬁprex1metely

.tw1ce as many dlglts as-are getng to be kept for exampte' | |
o.99998k0-§9999 = 0.99998 33998 55555;,..;

" can be chopped correctly to five digits only:after”the‘teﬁth is proved not & .



'dm'té'be'a' 9;' is donng so worthwhlle VﬂThlS questlon confronted Kukl and

'.aglAscoly (1971 “PP. 45~6) when they began to construct a program whlch pro—"i[-'

.:hvldes correctl y chopped quotlents of extended prec151on (28 51gn1f1cant
{hexadec1ma1 drgit) floatlng p01nL numbere.on IBM System/360 machlnes;:-ip.':
.Thelr program flrst approxlmates the duoLlentr.' a/b hv q whlch
'though in error by less.than one.ulp,.occa51onaily1eXCEeds the correctly
_lchopped quotlent q by one ulp.‘ Next q s remalnder r =‘d?—ba his-com—-
.puted prec1se1v to determlne whether 'Q. should be dlmlnlshed by one- ulpi:
to get q .ThaLJ r. takes nearly asnlong to computc as a- is a prlce.
Kukl and Ascoly dec1ded to pay for.a correctly chopped quotlent .E.Ld“
A.dlfiorent dec151on was made by Anderson et aZ (1967) when they K
{ roptlmlzed the speed of hardware lelSlon in the IBM/36O model 91 hy W1rrng
in a quadratlcally convergent 1Lerat1on.wh1ch 1s termjnated as soon as the
computed (6~ or 14—hexadec1ma1 dlglt) quotlent. q is correct to-better.'g
than one ulp;“inrsomemcaseahhad computed on the model 91 w111 exceed by
uone ulp.the.correeponding.quotient_ q computed on all other 1BM/36O models,

which correctly chop their-duotientsf .For_example, the a851gnment C
Q= (1.0~ 0.5%%23) /(1.0 0.5%%24) -

' gtores in Q a value‘ja_#-ldoe—O.Sﬁﬁiél”ontthe mode1:9l.and‘a value o

i

1.0~ 0.5%%23 - on the other models, which isdanalogous tO'approximating.

il

q b.99998/o.99999 by g = 0.99999 - instead of the correctly'chopped but
“ostensibly.less'accurate. g = 0;99998.n In generai,hwhen G449 then..
- cz|<lq al.

Who made the hetter dec1510n Kukl and Ascoly or Ander on et al.?

- -At flrst 31ght the'latter declslon seems better because it is more accurategﬂ




zg_tbut.thls is hoteso}- The correctly chopped quotlent q,; by conf1n1ng g

i{hto an 1nterval nerrowerlthan one. ulp, glves more 1nformat1on about q thantr?¢T5:
‘l;te Value,ra_.which may,be:elmost'One,ulp omaller than.;oh_or‘else a:freetioﬁh;:lb
'then'hlbrbr ger; AnyWay thlS dlfference 1n‘eoouracy rs brect1call§ 1ncon—f
sequential; 1f all IBM/36O models d1v1ded 1he same way as’ the model 91 few :
T. people-would complaln.' Unfortunately, a programmer who explo1ts, oerheps
”unconoc1ously,-the character1°L1cs of chopped quoLlentb maﬁ flnd that h1s
program_ ‘which he.has oroved" to furctlon correctly on all other IBM/360
-_models, occasnonally ta1ls myoteroously on the model 91 - Is the fa1lure
- .due to the differeht'division”elgorithm? Probably not but how:long:wlll-
i_hefteke'totfihd_out?:ﬂ L ! R
,'The program bthukifahd Aéchly orondeeiﬁo:sororises-for enyoﬁeiaoeos;
tomed toiSystem/SGO;arithmetle; ehd'it,offers éﬁyoﬁe}to-whom'fester.ﬂiviﬂ _
'lsioh.iehimportaht,ah'obbortonitytolneerlyhhelﬁe-the diﬁisioh'time'by'eccept—
'.ing q instead'of_;a' frdolded,hefio-confident_thet doing:soroill hothheﬁe.
other less pleasant:COﬁsequenceeft . |
It is importaﬁt'toireellee thet Aocuraej;:onlihe"Virtoe;-is.hot its .
own.reﬁard,hbot.a meaos”to.ahother_eno;:'Thet:ehd le echieve&;fin hhmerlcal
eomphtetion,ﬂthroughrthe”conéervetihh:of;matﬁeéhtlcel.relatiohshios that
‘.}}i.i.r'}i. _oidely from one 'aphl,:ilc':a't‘i.oﬁ tv .aﬁo'th_ér."f:-'.Wﬁé_ﬁ_._ we do not: know which
mathemetical reletlohshioo oust.be preserved end'ﬁhieh.eaﬁ be abanooned in
'any partleular appllcetlonl we try to. precerve as manf relatlcnshlps as
' p0331b1e' thlS.lS-What accuracyzls_goodffor. hhen we do know whlch reletlon¥~'
‘ships are 1moortant we ‘can ooca81onally“eheept leqe than.perfect accuracy,-
thereby av01d1ng the table—makero dllemma, prov1ded we edhere to one
.fundamental prlnC1ple (Knutn (1969) P 204) |

"Numerlcal subroutlnes should deliver results ‘which satlsfy 51mple,_
_ useful mathematlcal laws whe1ever poss:ble. _ :
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