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The' attoched is a Verbatim transcript of 2 'speéch
delivered by Velvel dahan at the Nathematical Software 11
Confercence held at . Purdue University on 29-31 HNay 1974. 1

have trenscrised it from a tape made by Dick Jenks ‘and
Prof. nenan has graciously supplicd me with the orlginal
foils  used in  his talk. Iueally, his colorful drawinas

shculd not - o¢ reproduced  1in black—and-white, but as they
contrivuted so much to the spirit of the talk, I have felt

it bpetter to try to reproduce  them (at soiewhat of a

reduction) ruther thdn'utteaniLg t0o redraw them. The only

editorial function I have periormed is to indicate a certain
‘apount of coptext:

Jn'sgudre arachets. ~This version should

be regarded as- “-Prof.- Kehan retains all

The written: contrlbutlon appears ~ in the preliminary’

proceedings and, briefly bummarlzed, explores the followaing
two prozxlemss Sl _

. The Tab IL‘ﬂuﬂér 5 DLlPMﬂd' Sugpoae X wlbh to compute the
VYalue of sone function correctliy rounded to the nearest
integer. As 1 coapute to 3 decinal placLs I obtain
K + .499: 1o & places 1 obtain. N + 50000607 to 10

places, N + .4v99999999;  each correct to a  unit or

two in the last place coaputed. @y dileama is deciding

whon to stop  coaputing to higher and higher precision

. and start‘tryinq-tozyrove a: theores that the result is-

exactly ¥ + 1/2.  The counterpart for the person
writing a sisilar  furction  in gsoftware on a
fized-precision - computer is to.  know how  much

intermediate yprecision ‘he must. carry in oxrder to

guarantee  a correctly-rounded Tesult at xeasonabple

CosSt. "}t is important to realize that Accuracy, .

‘unlike Virtae, 1is not its oun revard, bat a neans to
another elde “hat end is achieved, in numerical

corputation, through the conservation of wathematical

relationshins that vary widely - from one application to

another. when . we Jo not . know ~ which mathematical

relationships wust  be preserved and which can be
ahbandoned in any particular. application, we try to
preserve as many Trelationships as possible; this is
what accuracy is-good_for.“ S g S

«  The Lrror ﬁnalyst' Quanmarz " When should the error in a

COAPutathHdl schene pe suanarized in a simple way? Do
su too sooan, and the result may be too weak to be.
useful. Do so toco late, and the result may be +too.
complicated to. be. coaprehended. And there 1is no
guarantee that a gap exists between 'too suon' and *too’

late'.”

' 'Fo N‘-' Ris
17 July 1974
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The Tanle—daker's Dilemma and Other Quandaries

, rirst, I would ask you to please do unto me as I would
do unto you. Iinterrupt me at the slightest yprovocation.

Seconaly, 1 wuuld like to say that I believe vhat is to be.

found written in the proceedings . reoresents accorately

enougn tne way 1 feel apout it, despite the fact that 1t was

wratten one and tWo yeals ayoa.

Because it Joes not seen possible in under half an hour
to explain what ou ought to Go ‘instead of what you are now
éoing, 1 have  cnosen to give instead a brietf sermon on the
text «hich you s¢e there by Alexander Pope. LEefore jou get
too insulted, I want you to understend that I do not believe
that you are any acre . igrnorant - than I; . but rather hat

coilectively, by shooting frow the ‘hip.or giving aavice off.
the top of our heads, we pave so confuscd the  people wao

make hurdware &nd scitware, that we  have gotten coaputer
systems just what wWe deserve. o They . are capricious,  they

involve enormous, Staggering €osts in order to produce what

is called "portable" -software,  they are riven with
misconceptions of every conceivabie Kind, and 1.-suppose the
best I could «o now would bde to try to address what 1
consider to ‘be the worst of @ the misconceptions,  wbd then

perhaps make a few comments about  the way I fear things umay

ariit in the future.

The principal - misconception, I think, concerns the.

concept - 0f value in a aumerical caleniation; that is,
calculations tend to be valued wrongly for thelr accuracy,

when in fact what we ought to do is value them for aow big

we know the error isnt*t.:

To illustrate this point, look here at two evaluatioas
of pi. {Fig. 1] Now which of those do  you prefer? I
imagine that wosce of you would prefer the second, unless you
happen to remenber that the first is correct to all of the
sixteen rigures citod.  Ena npow when 1 tell you the irst is

correct to ~all  the fifteen figures -cited--therebhy, of

course, overwriting this piece [First error bound] of
intorzation——now which vo you prefer? O0f course. And that

'is really the prublem; tact you only prefer the better value

wvhen you kpow "that dit's boetter.

Now, at this poinm, T would bave liked to digress‘to

discuss portable software. I think it was the Indiana state

legisiature; I will  save that for. a different seramon on
~another day. S - o

row  uwost  people  think _abouﬁ uncertainty in
probubalistic terms, anl although I  find that  style " of
‘thougat uncourortable, I will try. to address the issue here

~ with en exawple taat waXes the same  kind of point as the

previous one did.

31 day 1974 . l".'_ Fage 1 - . " W. Kahan



The Iable—nakhr'c Dileima dlld Other Quunqdr:;.e‘~
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Figure 1

{Pig. 2] I you  think of the error that comes from a
calculation as Dbaving @ proivability distribution - with the
density shown hLere, and cowmpare it with the. cospeting
calculation whose probability density  1is there, I imagine
that aost people would prefer the former, becaunse the error
appears to be sxaller on the average. In idct,' 1 should
have VuLtelred to have exaggerated this so that the spike in
here would be very, very narrow=-like a nail-—coupared with
this lamp. Powever, I don't think that one can apply a set
oL czltdrla in guite thlb way and get a SatlaidCtOEy AnsSwer.

31 Bay 1974 . _ CPage 2 I W. Kahan .



The Table-xaker®s Lilemas and Other {uantaries
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Pigure 2 .

we have to apply criteria having to do with cogt. It*s
not merely hnow.likely is an error, but how wuch would it
cost? Vyssotsky guoted a price of a hundred nillion; alas,
.1 am not in & position to cite chavter and verse where any
such error did - cost a humired @illion, becuuse most people
who suifer rfrom numerical errors try to keep that a secret
kpown only to thelr wustebasket. [Pig. 3] However ve
observe that in ithose cCases Waele error is costly, the cost
rises extremaly rapidly once you get past a certain point.

‘Fow I do not know wiere that pdint-is, in generai. It

is my belier that at least ona tenth, and probably one third

of the results that are normally acceptea by ordiinary people
as colrect wheh they sSee them are auch moYre WIong than they

think, and taey woulc probanly coae to dilfferant conciusions
at  leust part ol the time if they knew how wrong these

GBNSWEES wWelwe, '

31 may 1974 . Page 3 . W< Kahan



The Taple-Maker's Dilemma and Other (Quanaaries
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Figure 3

_ Thée reason I bbll ve this is because I an’'a busybody,
and I loo0k over the shoulders of varicus people, ana when I
see the nusbers I say to thea, "How do you know that that's
correct?™ Ind then they give me an arquaent, and if the
arguaent sounds like scuething that -came off - the top of
their nwead, then I ask mybulr,'"l wonder if I can teach then

something, because that is my jodb." 4and so I'll run through
tne caiculation, and I usually get a rather different
answer; ané this is true whether the person over whose
shoulcer 1've lookeda is one orf uy students (who actually is

responsible for teaching me things), or one of ay collagues
(whoa I can't tell anything anyway) .

. 1 : B . . ]

7 The point is, that although I don't know what the cost
is, 1 aw convinced that it rises very stceply--past a
certain point--in- all those calculations. in which cost
aatters. Maybe ~taeré aren't very many calcalations where
cost does watter, since pobody . else seems to observe that
thelr answers are wrond; so 1 guess maybe they needn't have

31 nay 1974 . . Page & = . ¥. Kahan'
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- Figure 4§

bothered to do - thew in the first place. ¥ell, vhen we
multiply cost times probabiiity aensity, [Fig. 47 then you

see the first calculation could be rather more costly a kind
of calculation ithan the second,  because the average cost of
elrror would bHe rather greater. well, as I gaid, I feel
soacwnat uncosfortable with statistical arcguments, and for
reasons. that o sack guite a ways [revealing Disrali quote].
However, 1 do hope that you recogfize one thing, and that is
that rather than talk merely about ervor, I am concerned
about costs. I ao not »nelieve that acsthetic considerations

,

1 Bay 1974 R Page 5 . ~ H. Kahan



The Table—daker's bileuma and Other Quandaries
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Figure 5
suffice to discuss these issues.

fFig. 5] wow, if the issue, then, is not so wuch a
matter of calculeting an accurate answer as  of calculating
an ansvwer -whose ancertainty is known © to be small, then we
‘are entitled to ask:  “"How much wmore dees  the uncertainty
estimatc cost taan the estihate whose uncertainty worries
us?"  2And people who drive motorcycles know. what I mean. It
is not uncoamon to fing insurance premiumns apvproaching a
taousand dollars for a mun wiose moturcyc]e runs on perhaps
a4 nalt a cent a zile for gagollnt.

‘Apd 1ndeea'not only are the costs higher, so indeed is.

tae intellectuci effort idmvelved in trying to establish
error estimates. 1t's not too hard to pose a problem in the

31 May 1974 . o _ raye 6 .. ©~ " R. Kahan



The tabloe—Noker?s Dilexma and Other (uanderies:

nuwerical comain. 1t's a little bit harder to compute a
solution; huerd enoughk thut we feel proud of ourselves if we
succeed. It tuenus to be extremely  difficult, rocsy, and
uncewaruing to yive error hounus; ana then to show that the
. €error boukxa is rot outrageously pessinistic  is freguently
beyond the scose of even the best mathematician. 1f
SOmReU0dY ASRs Lo ol - & cheap .error osoumd, L1 aerely sayy
#SpaekheTe DetWeeD Winus infinity and plus infinity.®
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"Figure 6

_ [Pig. 6] vow the +trouble with the current coaputer
Systes architectures is not  so uuch that they prevent us.
from yetting results. anybody who walks out of this
coaputing cencer with an armload of paper knows that there.
is no problem dn ygetting results. The trouble is that

’

31 Xay 1974 R ;'- ~ Page 7 o “ . W. Kahan



The table-Maker's Dilewma aud Other Cuandarices

iinding out how good the results are can be terribly costly.

 Let me give you onc vxample to give you an indication
of the way irn which various factors interlock and contest
Ior our attention. Ke, know °~ about doubly precise-
accaaulation  of scalar  products.  We know - that they are
alleywd to de penericiale. . ine -Buropeans and kuglishwen use
them all tihe tiae becduse, as it happens, their calcalators
in aahy cases still reflcect the state ol aind appropriate to
the man who uses a desk calculetor. and 1. envy them. EBut
we dontt have taat advantage. How much do we lose? wWell,
it is very rare that the loss is crucial.. Unfortunately, I
caunot easily tell you how Tto Knov. :
It is very rare that you lose very mach by failing to
accunulate inner proaucts tou wouble precision. In fact, if
you arv doing. Gaussian elisination, for exasple, or any
other linear eguation solver based on Geussian elimination,
or triengular factorization, or Crout or the Doolittle
scheide or their descendants in nuwerical soltvare, you are
unlikely to Benerit frowx doudly precise accunulation unless
the rollowing ceonditions are satisiied: 1) Your wachine has
a rather short word length. That @means 184 360 ane 370
short arithaetic. Z) Your mpatrix . is of very large
dimension. Like 1T00.  And 3} The elements in your matrix
are uncertain by only a unit or two in the last. place cited..
I¥ you do not Satisiy those three criteria, then. there is
very little to be gained 4y using doubly precise arithmetic.
Very little accuracy to pe gained. S '
Lokever, the point l'z trying to make is that the issue
"is not how accurate your results are, but how inaccurate you
know they aren't. ind that's where double precision pays
off enormously. Lecause, by accumrulating prodects to double
precision, ovae can 2ake the error bounds easier to fing,
they ave sharper {that is, they are wore nearly reflective
of the true state of affairs), they wepend less .upon the
dimensionality, the preogram 1is  in conscquence easier to
write, hecause there are less fudgy, kludgy 1little things
you have to ctick in to prevent bad things Ifrom happening.
Consecuently, the program is also easier to use, because the
‘relationship  bétween dintention and accouplishment is
generally closer. . - B ‘ I

That's why I always 1liked to wuse doubly precise
accunulation on the 7094 where the cost was negligible.
However, machine design has not-altogether advanced siace
then, and now the cost of implementing @ doubly precise
accumulation in those cases where - it. would be useful is
extremely yreat. ®e've heard avout. procedures that have
heen proposed Ly Ladson, Manson, ahd others that might
diainish taose costs, thoueh with side-effects concerning
which 1've aliready had argueents  Wwith them,  and I don't
think now is the tise to repeat the aryuments. But these

,

- 31 May 1974 - '7' - Page &n_-' > ‘ : - ]H.'Kahan‘
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issucs are ixportant, andg - their resolution - is pot

necessarily Joira to be straightforsard. Unforcunately, in
this sunject, overy decision | that you. make seems  to have
ramific.tions, hut  perhaps that's why it's mathemetics,
where we Know that small cienges in axioms can lead to very
lalye CONSCIUCNCUS.
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‘Figure 7

[Fide 7] 8ow 1%ve been talking about costs, and I
should make clear that what I nean by ™costs"™ are not things
Cthat will appear as line itews in ithe budgets of nost people

vho pay for computers, except as salaries where these costs

get hidden. 7Joa . are oisliged to pay clever people who have
been equcared at great expense to play «ith the crossword

’
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The faonle—Makert's Dilecama anua Other @uanuaries
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 Figure 8

puzzies that are somnetiwes -described as “outwitting -the
coxpiler™, or “ensuring portasdility of code." Now I regret
that, standing here, I cannot tell you in a short and snappy
way how to yet rid of ‘those things, but they are things that.
difficulties hove to be gotten. rid of if we are to bring the
cost of computation down.to the point where we can aiford to
do it, never wind the vest @multitude, who, we are told, are
‘going to constitute the new market for the new range of
computers.  Perhaps we saould look st that una speculute for
a while. - g : o

371 pay 1974 ST rage 10 : o | We Kahan"



The TFable—Maher's bileama ana Other Quandaries
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. Pigure 9

_ {Pig. 1G] ®€ell, 1'd like to come back to this omne.
You may feel it's a little bit outrageous, so let's consider
an exaaple. '

[rig. 8] FKow, one day a salesman came in  and asked
whetiher 1'd like to see a -calculator wnich had been selling
very widely on campus ana of course 1 said yes. Ana as I
played' with it funny things happened and he looked over my
shouwlder and saxd, ®vould you do  that agaip?" It was clear,
that he was getting less ana less happy, and 1 was getting
poerplexed myseli, because I kaew it was probably going to be
bad, but I disn'c see how it could he that bad. Yes, we ran
in a swyuence oI punbers  and got this incredible business
wiiere the stuncard devitation was a enorious negative.

-BI.Hay 1974 7”. _ _'Page_11"' ' L o W. Kahan



the iable-ltaker's Liicsma ang other Cuandaries

number, and I can speculate-on why that happens.

I rust tell you, however, this couputer id oné of the

nost ‘eidely sold in the couantry. It is a desk calcualator
which you plug in, &md it hus a rice, bright display and
very conventent  Keyboard and lots oL Dbuttons ior

Statisticians_ur enqineérb to puash. And, seCalie it carries

a Ty laurge nuaser of digicts, almost gny test you cal think
oL’ wxiL Jive you acculate iesults. dovever, I must warn jou

that they are mu“cwnug unceritdin.

- Well, what ahuut tha proyrammable calculators? lhey're
interesting, because 1in thed Thlngs can yo on which, once
again, you will sot se anle to see. ~In the goos old cays of

the dusk calculators, at laast you could see your blunaer as.

soon &» jou made it. Lut  npow, ‘herels an interesting
sjituation. {®ig. 4] I oring this up pthCl““llj hecause
there ape puople who keep on . chastising ne for not writing

_down wﬁat' i Xnow and Luﬁllbnlnq it, and they are right to-

chustise me, but in gorense I aight voint out that there are

at 1tuu three tines 1 have written about guadratic eguation

solvers, at least two ok theR have beenr published, there are
at least five other people wWho have puslished articles about
quadTacic eqdation solvers - and we all agrec pretty well on
what you cught to -“do, but somepody hasntt done it. I
‘suspect tnat -what  happened was. that  in the course of
prouucinyg tie software, mupageaant discovered that one of
their ecnginzers or - sohedody like that had not dealt too
- successtully with his assignments so Iar and  they thought,
wgell, what the hell, let's give him this job." '

[Fig. 107 It sceus to be cracial for the econcric
well-peiny of & large puaber of conputer zmanufacturers that
the computer marxel grow extremely rapidly, by factors
ranging petween tedl and a hunured. - Tthe only way in which
this market caun grow is by bringing the power of comgutlng,
for good or for ill, to a very large nuaber of people who,
however well +they have Dbeen  trained in their chosen
discipline, have not perhaps been trained as well in

numcrlual analysis as some 0f us.  They may bacéme sumevhat
isgruntled. I can't predict that consumeris will sprcaad

trom £he ranks of breuskiast Ioods  and th . auntomobile
industry into the conputing industry; I just don't know.

T 40 know, however, that the nature of the concept of
warranty cnanges with tiue. It has . changed 1in the law

discernably in this country. whereas at one time many

warranties coula be superscded by disclaimers, there ale
amply many arTeas where the aisclaimers are ignored by the
courts. They tend to have the following cihaaracteristic when
they idre ignored. Yamely, if it is believed by the courts

that a recasonable man wuo bought & given article and who

cxpeCted  that article © to aghave very much as other “like
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articles produced by other manufacturers behaved, and if he
vas disappoeinted, and without warning,  then he has a just

AB exanple would ne the case against General Motors,
concerning the Corvair, which would tuck its rear wheels in
froa tine to tine. Now that c<ase  avpearced to - be headlng
toverds settienment ageinst General Motors—-=1 believe that
o was settled out of court. ‘And the reason appeared  to be

that General dotors ' had nmeglected. to issue a varning  to
potential purchasers of the car that it might from tiuwe to
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time tuck its wheels under. 1 imagine that would have done
something to theil aalkuet. :

'If vou <feel that this ¢pic - lawsuit is too extreme, 1
"shoula joint out that 1 Knos Ol s0aQ hana—held calculator

tyjes who aré enygayged in luwsuits now, probably relatively

trivial ones so ifar, but we couli speculate on the date in
the futurc--1 Jdon't know when——when we might be yreetea with
the 1ollowing kizd of sScenerio.

[Riy. 113 2 pusinesswan who flies ~his own light plane
sets out Trou  Sacramento late ole afterNoon and crashes in

the evening in the hidls of San sernardino, only a little
bit snort of his destination. The crash is not a terribly. .
sericus one. He 1s killed, bot out of the wreckage intuct

they Eind his shirt . pocket calculator--stiil
functioningy~—his  scratchpad, his little pack of proyraus
including the =navagational programs he beought with the
calculator, anpd they also ~ find that thae navagational
equipment on | the aircraft still functions, the dials &re
still set, and he%d probuply done. correcily. Alas, the
caiculator gave haim a course’ walch has brougat him thircty

wiles oif where lie should have been, abd.$0 he it & hill

instead of the runwuay.

The widow, of course, is éismayed, and hires a clever
lawyer weho oObserves that if a different manufacturerts
calculator, whica is elsou prograaaable and also coumes with
software for handling tae ‘pavigational problem, if Lthat
calculator had been used and it the same data had Dbeen
entered, the man would have been oif course again, but eight
pmiles in the opposite c¢irection, and would have landed
wltiasately successfully. saturally, the widow is advised to
sue, and doues SO0. : '

fhe - scene 1in court. The plaintiff brings forth
vitpesses, most of them enployed by - the other calculator
conpany, to explain that in their calculator they carry
thirteen aigits, though they only aisplay ten, and althouuh
they cannot always yuaranliee the correctness of the tenth,
usaslly, because they carry thirteen, the results are more
accurate¢. and, as far as this particular calculation 1is
concernea, the experiment has already been performed and one
can see what would happen.. SR ‘ '

The calculator comzpany in defense brings iis vitnesses.
For example, it can briny -u prestigious numerical analyst
who will explain, to. the interested judge and jury. by using
graphs with hyperbolas, thar pecause ‘orf  the intrinsic
uncertainly in the man's data-—thut is, the last digit that

heé read couid easily have been off one way or the other--and

because the nypersolas intersect in  a graeing fashion, that
it is extremely  difficult to know exactly whele they ought

I
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 Figure 11

to interscct, and had his- data.béen slightly different he
could casily have been sent elscewhere. : ‘ :

Ther, of course, there are others who testify that
indeed the program used is. of - a  kind standard in the
imrdustry, awore or less, and po worse . than post. [From
audlence: kas it portadle?

In his sumning up, the lawyer for the prosecution says -
that, “The defense has . aaduced certain hypothetical
instances that the data wmight have peen other than it was.
¥e too,™ Says the lawyer for the plaintiff, ®we too could
consider & hypotheticel Lsnstuance; the wan wight have bouyht
‘the other coapany's calculator and, if so, he would -be alive
touay." - S L '
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In his suaminy, the lawyer for the delense says, “"lhere
are very important technical issues concerned in discerning
what is and . whut is not possible in the reala of nuaerical
calculation. To calcuiaste tnils result nore  accurdately is
provebl; not possible.® ‘ :

The jury, while . censideriny this suaming ap,. is
rewinded by one of thelr wewber, who is an avid teadel, that
in the caryo of the first steauwship €o cross the stlantic,
was a DOOK writteh. by & PYrenchuan, who proved categorically
that no steansai, could &ver Ccross the atlantic.

The decision, 0f course, is rendered for the plaintiff.
The stock oif the computer conpany talls arastically. B few
days later, stocks AL other coapgter  coapunies stalt  to
fall. 1 wonaer - what we should do. It is very likely that
such cases »ill me determines by conditions that may have a
rather duplous scientific validity at best.

Now, in this particuler instance, = there is a kind of
defense. Thet is to say, one could realize that there &re
certain calculations whose results are  so important that if
they are unuertdln SORE . Wdlnlnq mugt be produced.

.Such' & arnlﬁu cauld be - produCta by a . properly.
implemented  interval earithaetic, . though it would take a
certain amcunt of skill and care  to do the job right. It's
not SO kuUch taalt you do the wﬁol calculation in interval
arithmetic; that would yLungLy De Jotﬁ po;wtlesa and unduly
eXgensive. but you wousla at" ieast eed - soue .kipnd of
reasonable implewentation of interval drlth&Pth (I would
recommend my own) in order  to display when a result is
peraaps sufficiently ancertain that you want not to rely
upon it for navagational purposes.

¥ow unforetunately, interval arithaetic has been slow in
cozing. Aside from the  difficulties dnvolved in its
impleacntation, which difficulties arise principally
because ' 0f hardware and software designs that sufter
unozlievable ineificiencies when you try to make interval
arathietic work.  For example, an  interval arithaetic
program nerely to add or supbtract on a CDC o400 will iLake at
least sixteen times &5 long as -an ordinary add or subtract.
At lgast  that mach lornger. I fear that it may be a good
deal ionver than that when we finally get the bugs out. But
I believe tpat pronlem could be uddressed by correct design
of haraware; in tact it certainly can be addressed much more
easily in tue havdware than anywhere else.

Lowever, when scieona  tries  to persuade the
panufacturer oI  @achines  that  he  should have  interval
arithaetic, what noruzally happens is  that among the various
conilicting demands for the attention of his programmers are

,
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Yigure. 12

AemBanus  for atiy  mnaaber  of other things, and so the
manuiaciurer © wiil SOV, “Velvel, your arguaents are

lmwuudhlk, you; logic - cannot be faulted; howvever, you nave
heen cutvoled. ) :

Ouivoted by  pecpgle wh KAy have ‘used arvuments  like
Tiido. {FPig. 127 Tuis anumeuL iz false to begin with.
Circcued roanding 3is  wsowmethinno o whicn is  intrinsic  in
interval arithavtic and cannot ne cone if you wo not build
it into the hordsare except di  wd itipossible price. Huu in

any ovent, il you use that argument,  you could al o Lake
Coplex variableu oual ot Fortran. -

Or  here's wnotlor 'Brguﬂen{: ¥uu can qet atrocivusly
sessinintic  orrev - bounds from  interval arithnetic. Yos o
Andeed you can,’ it you apbuse 1i. Kell, I suppose we could
tedl the cook  that we have decided (in  his best interests,
0L course) Lo take away nis inives so that he won't cut his
fingers. What Go you think his reply will be? {Fig. 13]

.
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Figure 13-

wedd, I think 1've really surveyed only a tiny it of
the natuze oL thls  prodlew;y and that is that  it's realily
rather easy lor  simplistia thouaght o yo astray in o this
areuvs It takes a great deal of curefuyl  consideration of
Tamirdcations that can gometines surprise you; ramifications
which succuud ©o - wataesctical enelysis up . to a  point.
Hukever, in uvrder to do woere, I should try to tell you what
you emdint  to 4o, but as I say, T rvegret that in  the vime
alloved I can't  oxpluin jusc whet to do  instead, any wore
‘than a surgeon ‘could  explain to you what to do  in order to-
take out your oWn appeniix. But at least 1'11 wake myscif
avallable for guestions bnow and hopée that  somehody can get
sowe sort of information. R -

-
o
o
@

,
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Vi Héve you yiven up  on signiiicant divit arithaetic then?
Is interval avavhuwetic tne only way to tind out error?

AT Sigrificene siglft wuitLeetic Contdins ihe seeds oL ats

owh deucse  1n tie followiny cileuma. - [GaP 1IN TAPE}] «.e
Lounius, 1i chey arbe ounds,  yrow txpunontialily faswoer tihan
tie ¢lrroer cun x4 function o time. Or, there existe a
simple calculevion whose wlleyed  bounds yecay ezponentially
faster than the error Can - giroW. 0r  both  KkKinus of
calcaletions eiist.  And this  occurs hecause significunce
arithmnetic attenpis to  provide Intervals which are suea
cLuue  subsets of | those provided 1in - orcipary dnterval
arithmetic es to  make - the  wifficuities In  interval

aritameiic loeok rathern suaell, esgent in certadin  speciel
applications. wiere the ranges of - huawbers  happen  to be
nodests Bt siynificance aciitumetic is,  in ny view, a dead
loss, and i'a preparei, if you wish, to provide jou with the
prooi of ay alleyations about thu uileuma.

0: Coula you cophent azout the avallq»illty ofl guLLware for
JnturVa4 u1¢thxvmlu>

Az Well, 1Vve got-=5tud&ni3'working on  ny package, the
documencation for it cuh. be . found in Aichigan notes-~i think
70U knuw about those-- [Frow eddience: Is it portable?]
dhers  is  po ¥ay to  dasplement  intevrval aritheetic in . a-
portéble rasipdon, nor  an an  eificlent  feshion, on any
paidvase curleatly Deing used . ou a large  scalie on tihis

continent., The Comnputers produced by 9elefunken tor the

Rarlsrtune groUp wWeDs  produeed  with - the akility to do
divected rouwkaines  and rede  interval arithmetic extrenely
CaCun e Lapieient tuebe, and consviuently you Lind taat tae
people who  &re wost entnusiastic abpour interval arichumctic
generslly live cround there. shey have done a good dewl, I
think, of usefuil work. 1Ii w#e wele Lo face, 45 4 Seriods
threat, the poesibility thav we wiyit e sled pecdlse we had
neglectud to warn somebody that his answer, tiough correct

Ioxr his duta, . Wwas  disturbingly sensitive to suall
perturbetions, we would cecognize how necessary it is to
nde sawkething  like interval arithzetic 6 do vhe

sensitivity andlysis, if only co Gisplay the wvesults. Lind
tnwn perThaps we could put  the squeeze on the nanufaciliers,
net sy lobbyand, but by siaply  saying, “well, AL vour
couputen won'd aUWport intecval anithsetic in a reasonubly
econuuical  way, then I%a  afraid that I'1l  have to find -
sowething elise likc, sﬂg, a wicroprogranpadlie compuicr where
1'11 put the darned thing in tor whatever it costs, but at
itaesC 1 oknow 3'1L hwve ib, and I'11 be sufe frow lowsuiis.®
Lut, as  yuu kiow, lassaits  are solt of captlcnous tnthb,
anG they could eesily go gaite the other Wy
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v Jiusterndey you asked the cucstion aboui hov to solve the
pronlen o wiiting nunerical akgoritchn ilbraries for.
nanl-cuniNiels. Hobody was able to give you an answer. i
aolidered i - you in lact hdvVe SORe  GNSWerS Oof youl  own to
tuis problei. ' '

a3 Well, 10 lhdpk the cpuclael yoestion is: who will puy?
1f the users and tac menulactsrers ol the mini-cowputer wall
PHY Whed 4s0UnTE CO tae nalsCy of a rceasonably well-cducated
man Xor aboui a yeal, he could almust certainly adapt the
pulk oI thouse prograas in prescat libivaries, but  he will
‘have to be  extremcly lamiliar not only with nukericai
softwale {LICLS583IVE NOLSE O YARE}. 4 do not believe in
portaple  subrouilnes at the deck leveld 1 thimk that
portability has  to be at a level which is  intelligiple to
huawans and “which offers soacthing that  looks alwmosc like
rortran ccde, a0t 1s uct qyuite  thate.  And at that level you
can  waKe it gortable without  an undue aintellectual
investacnt.  buit if you wTry t¢  acke it portuble at tae Jeck
level, then t think you are going to be wiped out. The
Costy are too great. Hot only the costs, dbut when you wiite
prograiks winlch are  portable inm this cense, . the comprosises
that yoa ~wake in order to echieve portability show . up as
Cpelioruipée penaltics which leave your code valperable ta a
locul wan who o will say MLoosx at  all those  library
Proyraus-=1L Ccan seat thoue!" Now Greshaz¥s law in cosputing
15 very siuple. The Laszt vioyresa drives out the Si0W, evon
¥ the rirst one is »ruus. S0 yoa cannot afford to pay osoth
an afitealeciuael pepadily  and a performance penaity, both of
witd.Ch penuliies will wurn up as costs or as custosers lost
in ordex to achieve portability which is, after all, jusc an
abstraction, 1ike justice. [IAFE RAN OQUT.]
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