‘What is Gradual Underflow?

W.'Kahan May 1980

It is a scheme which reduces the -éffect of underfiow to something 7

- comparahle with the uncertainty due to roundoff in a wide range of numerijcal

‘computations including most of those with matrices, quadratufe, ordinary

differential equations, zero- fihding, convergence acceieration, ... To -

: understand gradual underflow we have to understand a Tittte about formats
used for f10at1ng po1nt arithmetic.’ ' '

‘Normalized fToat1ng p01nt numbers Iook 11ke

. d ) x B®. '+(3 14159) X }o

_+([) ] 2
where the rad1x B can be 2(b1nary), 8(octa1), 10(dec1ma1) or 16(hexadec1ma1)
on diverse American computers; then the n+l "sugn1f1cant digits” ], _
d2"°dn are each drawn’ from the set {0,71,2,...,B-1} except that BO # 0; and
the exponent e is an 1ntegen confined to some interval E<e<?;e. g. hand-
held calculators use B = 10 and 5 = -99 g g = 99, The forego1ng format

0y,

“excludes zero unless a special case is. set as1de for 0 = +(0.00--.0) x (B or. B
'iwhether Zero 15 called nonma}1;ed_or not (becau e its DO-- 0) does not matfor
Unnormalized floating point numbers, with D =0 but e > e ‘are usua]ly out-’
Tawed as_redundaht in'so'fér as théirrva1ues can be represented equally well
by normalized numbers (but the B5500 is one computer which treats unnormalized
and normalized numbers indistinguishably). 'DEhorma1Tzéd numbers are character- |
“ized by DO = 0 and e = &; for instance on a 6 519 dec calculator |

(0. 03142) x 16°%

is the best convenient approx1mat1on for n/lOIO] . Note that denormalized

numbers look unnormalized at first until you notice that the exponent e = &
is minimal and realize that no denormalized number-cah be fepresentéd by a
normalized number in the same format whereas an unnormalized number can be
‘supplanted exactly by another, normalized or denormalized with a 1esser

_ 'exponent e.



~ But most computers have out]awed'dehbrma1iz¢d*hUmbers too. Those
computers “flush™ any attempt to compute a floating point number'whose
normalized form would otherwise underflow (have e < &); for instance, most
hand-held ca1¢u1ators will ne1ther allow. (Tr/1050)/1051 fo_be represented
as 3.14159 x 10 -101 nor denormalize it to 0.03142 x 10° =99 but will instead
display zero or 1 x 10”99 or."Errbr".-‘Only computers that underflow gradualiy -
- possess denormalized numbers. Among such computers are the Electrologica X-8,
Intel 8086-8088 with 8087, Motorola 6809 with 6839 (and IBM 7094, IBM 360-370,
Burroughs B5500, DEC 20/PDP 10 with appropriate trap-handling software not
currently distributed by their manufacturers). '

How does gradua] underf]ow he1p? Its'most OEViDUS effect is to preserve . -
~ the following re1at1on 1f 0 < x <y then x/y <1 and y-x > 0. The tast
inequality can be fa1s1f1ed by. computers that. fTush underflows to zero, but ‘
not by those that underflow gradualiy. The effect upon program logic, where
a test of one fe?étion is presumed to imply others, is immediately clear,
especially when we expect fy-x = 0" to imply “f(y) - f£(x) = 0" unless f

is a patho1091ca1 functIOn (1nv01v1ng, say, d1v1s10n by zero). ‘But the’
effect goes much deeper. Consider two nearby representable numbers x and y
and their difference z = x - y, and suppose x and y are so close to each
other that |z| < |x| and |z| < |y|+ “Then z must be representable exactly
despite roundoff and, if underf1ow is. gentle,. desp1te underfiow. But Just
as poorly designed ar1thmet1c un1ts can contam1nate small differences un-
recessarily with roundoff (as” do CRC 6000 class computers ‘and most TI ealcu-
lators), so will f]ush1ng underflows contaminate them. This contamination
is a noise that may defeat the feedback loop intended to stabilize a compu-
tation. For instance, to solve the equation f(s) = t for s given f and t,
we are obliged to calculate the discrepancy t-f(s) and feed it back to alter
s, as in Newton's method: : B |

new s = s + (t - f(s))/f'(s‘)

The noise in t-f(s), whether caused by roundoff or underflow, is the principal
11m1tat1on upon the accuracy to which a solution's can be caTculated Gradual
underflow makes much less noise here than does flushing. s

Gradual underfliow reduces every instance of_uhderf]ow_to an amount
absolutely no bigger than a rounding error in the Tast significant digit of



o the sma11est'ndrma1iied number. This’ means very often’ that a program which

is proved correct 1n the face of roundoff can. eas11y be proved correct -
despite underflow too provided underf]ow is. gradua] whereas when underf1ow f
"is flushed that program may have to be. augmented hy tests against format-

- dependent thresholds to prov1de a defense aga1nst flush1ng _This is why
'gradua1 underf1ow is va?uab]e for matr1x mult1p11cat10n and inversion,
operations so common that their enhdncement by gradual underfiow is enough

to justify prov1d1ng that feature.. . Moreover, subroutines programmed con-
scientiously can often be de51gned more easily, thanks to gradua1 underf]ow,

- to cope with their own underf]ows automat1ca11y, consequent1y the naive

users -of such subrout1nes can expect to-see underf?ow messages significantly -

less often on mach1nes that underflow gradua11y than on mach1nes that f1ush

Some kinds of underfTow cannot be cured by gradualness nor by f]ush1ng
For 1ntance Tong cha1ns of mu1t1p11cat10ns and divisions unre11eved by
alternate additions genera11y requ1re‘sca11ng to defend aga1nst oyer/underu"
flow unless they can be'ca1cU1ated-with'the'aid of a (possibly temporary)
exponent field extension (see: SHARE 5SD |59 item C 4537, Dec. 1966). So
- gradual underflow is no panacea. - All. ‘that can be claimed is that it im-
proves a 1arge and recognizable class of programs W1thout making others worse,
w1thout comp]acatwng our concept of representabTe numbers and without much
of a penalty in hardware or speed except poss1b1y on p1pe11ned para]1e1
array-oriented machines where a d1fferent approach {the KCS. "Extended"
format described by J. Coonen in "Computer“ Jan. 1980) 1s more appro—

:pr1ate for reasans hav1ng 11tt}e to do w1th underf?ow

Before you rush_ouf fo.imp]emenﬁ gradUa] underflow on your'eompater
be sure that it has or can be given an Underflow flag. The best way to
test whether an expression has underfiowed when underflow is gradual,
is to test the flag rather than to test whether the expression is zero or
denormalized; see Coonen’ s art1c1e
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