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Why do we need a floating-point arithmetic standard?

V. Kahan

University of California at Berkeley

R e - T
Mav. §,

*...the programmer must be able to state which properties
he requires... Usually programmers don't do so because,
for lack of tradition as to what properties can be taken for
granted, this would require more explic.*ness than is other-
wise desirable. The proliferation of machines with luosy
floating-point hardware — together with the misapprehen-
sion that the automatic computer is primarily the tool of
the numerical analyst — has done much harm to the profes-
sion.”
Edsger W. Dijkstra[1]

“The maxim ‘Nothing avails but perfection’ may be spelt
shorter, ‘Paralysis’.”
Winston S. Churchill [2]

After more than three years’' deliberation, a subcommittee of the IEEE
Computer Society has brought forth a proposal [3, 4, 5] to standardize binary
floating-point arithmetic in new computer systems. The proposal is unconven-
tional, controversial and a challenge to the implementor, not at all typical of
current machines though designed to be ‘““upward compatible” from almost all
of them. Be that as it may, several microprocessor manufacturers have already
adopted the proposal fully [8, 7, 8] or in part [9, 10] despite the controversy [5,
11] and without waiting for higher-level languages to catch up with certain inno-
vations in the proposal. It has been welcomed by representatives of the two
international groups of numerical analysts [12, 13] concerned about the porta-
bility of numerical software among computers. These developments could
stimulate various imaginings: that computer arithmetic had been in a state of
anarchy; that the production and distribution of portable numerical software
had been paralyzed; that numerical analysts had been waiting for a light to
guide them out of chaos. Not so!

Actually, an abundance of excellent and inexpensive numerical software is
obtainable from several libraries [14-21] of programs designed to run correctly,
albeit suboptimally, on almost all major mainframe computers and several
minis. In these libraries many a program has been subjected to, and has sur-
vived, extensive tests and error-analyses that take into account the arithmetic
idiosyncrasies of each computer to which the program has been calibrated,
thereby attesting that no idiosyncrasy defies all understanding. But the cumula-
“tive effect of those idiosyncrasies and the programming contortions they induce
imposes a numbing intellectual burden upon the software industry. To appraise
how much that burden costs us we have to add it up, which is what this paper
tries to do.
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This paper is a travelogue about the computing industry's arithmetic
vagaries. Instead of looking at customs and superstitions among primitive
tribes, we shall look at arbitrary and unpredictable constraints imposed upon
programmers and their clients. The constraints are those associated with arith-
metic semantics rather than syntax, imposed by arithmetic hardware rather
than by higher-level languages. This is not to say that the vagaries of higher-
level language design, of compiler implementation, and of operating system con-
ventions are ignoraule, even if sometimes they can be circumvented by assem-
bly language programming. Language issues are vital, but our itinerary goes
beyond them.

Numerical software production is costly. We cannot afford it unless pro-
gramming costs are distributed over a large market; this means most programs
must be portable over diverse machines. To think about and write portable pro-
grams we need an abstract model of their computational environment. Faithful
models do exist, but they reveal that environment to be too diverse, forcing
portable programmers to bloat even the simplest concrete tasks into abstract
monsters. We need something simple or, if not so simple, not so capriciously
complex.

Rational One-lLiners.

Why are continued fractions used far less often than their speed and some-
times accuracy seem to deserve? One reason can be gleaned from the example

R(z):=7-3/(z-2-1/(z-7 + 10/ (z-2 = 2/ (z=3))))

which behaves well (3.7 < R(z) < 11.8) for all z and can be computed fairly
accurately and fast from the foregoing ‘‘one-line” definition provided certain
conventions like

(nonzero)/0 -+ =, (finite)+= -+ =, (finite)/= -0

have been built into the computer's arithmetic, as has been done to some
machines. But on most machines attempts to calculate

R(1)=10, R(2)=7 R(3)=4.8, R(4)=55

stumble after division by zero, which must then be avoided if the program is to
be portable over those machines too. Another algebraically equivalent one-line
definition

R(z) := ((((7z —101)z +540)z —1204)z +958)/ ((((z —14)z +72)z —=151)z +112)

avoids division by zero but falls afoul of exponent overflow when z is huge
enough, no bigger than 3x10° on some machines; moreover, this second expres-
sion for R(z) costs more arithmetic operations than the continued fraction and
is less accurate. In general, no way is known to avert spurious over/underflow,
division by zero or loss of accuracy, without encumbering expressions with tests
and branches that result in portable but inscrutable programs.

Tests and Branches.

What makes tests and branches expensive is that programmers must decide -
in advance where and what to test; they must anticipate every undesirable con-
dition in order to avoid it, even if that condition cannot arise on any but a few of
the machines over which the program is to be portable. Consequently, program-
mers generally are obliged to know that on some widely used computers a state-
ment like
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if z#0 then s:=3-sin(z)/z else s:=2

will, when executed with certain very tiny values 2z, stop the machine and allege
that division by zero was attempted. These machines treat all sufficiently tiny
nonzero numbers z as if they were zero during multiplication and division, but
not during addition and subtraction; consequently these machines calculate

£/0.004 = z x250.=0 and 0.004/z = (division by zero)
whereas
(z+2)/0.008 = (z+2)x125. # 0 end 0.008/(z +z) = (a finite number).
To be portable over these machines the statement above must be changed to
if i1xz#0 then s:=3-sin(z)/z else s:=2
or better
if 1+|z]#1 then s:=3-sin{z)/z else s:=2.
The last test opens another can of worms.

Some compilers try to be helpful by using extra precision to calculate
subexpressions during the evaluation of arithmetic expressions. This is a good
idea provided the programmer knows that it is being done. Otherwise conun-
drums can be created by statements like

P i=q +7;

z:=y+z;

if z #y+z then print "whynot?”;

if p # g+r then print "how come?”;
which print nothing on some systems, print why not? how come? when g+r and
y+z are evaluated to more precision than can be stored in p and z, and print
just how come? when the compiler’'s optimizer notices that the subexpression
(z # y+2z) involves a value z that has just been calculated in an extra-wide
register and need not be reloaded from memory. Consequently subexpressions
like (y+2z # y) may remain true even when |z| is so tiny that y +z and y would
be equal were they rounded to the same precision.

Precision and Range.

The accuracy of floating-point arithmetic operations is worse than about 8
significant decimals on some machines, better than 33 on others. Some
machines serve more than one level of precision, some as many as four. One
machine's single-precision format can be almost as accurate as another
machine’'s double. If he does not know how precise *‘SINGLE PRECISION" really
is, the would-be portable programmer faces dilemmas. An algorithm that is fas-
ter than any other to achieve modest accuracy may be incapable of achieving
high accuracy. An algorithm that works superbly if executed in arithmetic sub-
stantially more accurate than the given data and desired solution may fail
ignominiously if the arithmetic is only slightly wider than the data and solution.
An algorithm that uses some double-precision arithmetic to support successfully
a computation performed mainly in single-precision may collapse if “DOUBLE
PRECISION" is actually less than twice as wide as “SINGLE PRECISION", as hap-
pens on several machines. Therefore a library of portable programs may have
to cope with a specific task by including just one program that is grossly sub-
optimal on almost every machine, or else by including several similar programs
of which each user must reject all but the one that suits his own machine. Nei-
ther choice is a happy one for the people who assemble and maintain the
library.

A similar dilemma is posed by various machines’ over /underflow thresholds.



The overflow threshold A is the largest number, the underflow threshold A is the
smallest positive normalized number that can be represented by a machine's
The diversity of thresholds is sampled in Table 1.
Worse than that diversity is the unpredictability of reactions to over/underflow;
many machines trap or stop, most set underflows to zero, some overflow to A,

floating-point arithmetic.
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some overflow to =, a few overflow to zero, and so on.

Table 1: Floating-Point Over/Underflor Ticzholds

Machine

Underflow A

Overflow A

DEC PDP-11, VAX,
F and D formats

DEC PDP-10;
Honeywell 600, 6000;
UNIVAC 110x single;
IBM 708X, 704X

Burroughs 6X00 single
H-P 3000

IBM 360, 370; Amdahl;
DG Eclipse M/600; ...

Most handheld calcu-
lators

CDC 6X00, 7X00, Cyber

DEC VAX G format;
UNIVAC 110X double

HP 85
Cray 1
DEC VAX H format

Burroughs
double

6X00

Proposed [EEE Standard:

single
double

double-extended

2128 o 2. 9% 10~

2-13 oy 1, 5x10-%

B8-5! ~ 8.8x10747
2258 ny 8.8x 10778

16~% ~ 5.4x10~™

10-%°

2797 ny 1.5x1072%

2-1024 oy 5 g 10-%09

10499
m 270192 oy g 2x 102487
2716384 oy B 4% 10488

8-32755 & 1.9% lo-max

INTEL i8087; Motorola 6839
27128 v 1.2x107%8
21088 n 2.2%107%8

<2-16982 py 3 4x 1074992

2127 ny 1, 7% 103

2127 1, 7x10%

870 v 4.3x10%8
2256  1.2x1077
1683 ~ 7.2x107°

10100

21070 oy 1 3x 1032
21023 oy 9% 10997

10500
& 2019 oy 1 1x 102466
218383 5 gx 104931

832780 ~ 1,9x 102963

2128 v 3 4x10%
21024 oy 1, 8x 10308

2216384 oy 1 2x 104932
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No wonder then that simple tasks spawn hordes of complex programs; here
is one example, the calculation of the root-sum-squares norm of a vector V,

Rtsmsg(n,V):=V(V§ + V8 + ... + V3).
The obvious program is a simple one:

sum:=0; fori=1ton dosum:=sum+ V[i]**2;

Rtsmsq := «/(sum) .
This simple program is the best on machines with ample range and precision,
but on most machines this program encounters at least one of the following
hazardu:
i) Whenn is huge (10%) but the precision is short (8 significant decimals) then

sura, and hence Rfsmsg, may be badly obscured by roundoff amounting to
almost n /2 units in its last place.

ii) Even though Rfsmsg’'s value should be unexceptional, sum may
over/underflow (e.g. if some | V[i]| > VA or all | Vi]| < VX).

The simplest way to subdue both perils is to evalu.*e the sum of squares using

extra precision and range as may be achieved in a few computing environments

via a declaration like

Double Precision sum.

The proposed IEEE floating-point arithmetic standard allows implementors, at
their option, to offer users just such a capability under the name **Extended For-
mat'. But most computing environments afford no such luxury, and instead
oblige programmers to circumvent the hazards by trickery. The obvious way to
circumvent hazard (ii) is to scan V to find its biggest element Vp,, and then
evaluate

Rtsmsq := | Vael x V( }; (VIi)/ Vo))

but this trick violates all but the third of the following constraints upon the cal-
culation:

I) Avoid scanning the array V more than once because, in some ‘“‘virtual
memory'* environments, access to V[i] may cost more time than a multipli-
cation.

II) Avoid extraneous multiplications, divisions or square roots because they
may be slow. For the same reason, do not request extra precision nor
range.

III) Avert overflow; it may stop the machine.

IV) Avert underflow; it may stop the machine.

The only published program that conforms to all four constraints is due to
J. L. Blue [22]. Other published programs ignore constraint IV and assume
underflows will be flushed to zero. One such program is C.L. Lawson's SNRM2 in
LINPACK[17], called norm by W.S. Brown[23]. Another program, VECTORNORM
by Cox and Hammarling [24], violates constraint II. All these programs succumb
to the first hazard (i) above, so there is need for yet another program:; it will be
furnished in Figure 7. Only this last program can be generalized conveniently to
cope with sums of products as well as sums of squares, and then only by violat-
ing constraint III, as will be shown in Figure 8. None of the programs is tran-
sparent to the casual reader. None is satisfactory for vectorized machines.

Suppose an ostensibly portable program works correctly for all physically
meaningful data when run on one of the machines with a wide range listed below
the middle of Table 1. But the program is not robust in the face of intermediate
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over/underflow, so it produces wrong answers and/or warning messages and/or
stops when run with meaningful but unusual data on a machine with a narrow
range. Who is to blame? We, who supply machines and programs, tend to excul-
pate ourselves and blame instead whoever used that program to treat that data
on that machine; he should have spent more money to buy a machine with far
wider range than encompasses his data and output, or he should have paid more
money for a better and robust but more elaborate program, or ke should not
worry about unusual data beyond the normally ample capacity of what we have
recently sold to him. Is this issue really just a question of cos’ vs.. capability?
No. From time to time a simple program, run on a system with narrow range
and precision but designed felicitously, will deliver better resuits and sooner
than an elaborate program run on a system with wider range and precision.
Thus the competency of its design, its intellectual economy and many other
parameters of a system must figure significantly enough in its performance to
deserve our consideration too.

Radix

Almost every machine that provides floating-point arithmetic does so in
binary (radix 2), octal (8), decimal (10) or hexadecimal (18). Biological and his-
torical accidents make 10 the preferred radix for machines whose arithmetic
will be exposed to frequent scrutiny by humans. Otherwise binary is best. Rad-
ices bigger than 2 may offer a minuscule speed advantage during normalization
because the leading few significant bits can sometimes remain zeros, but this
advantage is more than offset by penalties in the range/precision tradeoff [25]
and by *“wobbling precision™ [19, p.7). For instance, the proposed IEEE standard
squeezes as much range and worst-case precision from a 32-bit binary format as
would demand 34 bits in hexadecimal. For the programmer whose task is to
produce

as accurate a program as possible

the technical hindrance arises less from not enjoying the use of the optimal
radix than from not knowing which radix his program will encounter.

Consider for example two algebraically equivalent expressions
gi(z) :=1/(1+42);  qa(z) := 1-z/(1+2) .

Which one can be calculated more accurately? If |z | is big then g(z) is better
because gz(z) suffers from cancellation. If |z| is tiny then g,(z) is worse
because its error can be bigger than gz(z)'s by a factor almost as large as the
radix, and this is serious if the radix is 16 and the precision short. To minimize
that error a conscientious programmer might write

if 0<z <t(B) then g(z):=1-z/(1+2z) else g(z):=1/(1+2)
where t(B) is a threshold whose optimal value depends deviously upon the radix
B and upon whether arithmetic is rounded or chopped. Specifically, when arith-
metic is rounded after normalization the optimal values are

t(2) =1/3, t(8)=0.728, t(10) = 0.7683, t(16) = 0.827;

but when arithmetic is chopped after normalization the optimal values are
different. And when arithmetic is rounded or chopped before normalization,
different thresholds and a rather different program are called for:

if 0 <z < t(B) then g(z) := (0.5-z/(1+2))+0.5

else g(z) := 1/ (0.5+(z +0.5)).

The reason for using 0.5+0.5 in place of 1 will become clear later.



End Effects.

Some computers can do funny things. Each of the following phenomena is
possible for a wide range of operands on some machine which is or was widely
used:

yxz #zxy: z#1xz#0; z=y but z—t #y-t: 1/3#9/27.

These phenomena are caused by peculiar ways of performing roundoff. Further
anomalies are caused by peculiar ways of handling exponent over /underflow
without stopping the machine and sometimes without any indication visible to
the program or its user:

((yxz)/y)/z <0.00001 ...caused by overflow to A;
y>1>z>0 but y/z =0 ...caused by overflow to 0 ;
((yxz)/y)/ z > 100000. ...caused by undernt;w toA:
y/z <0.99 but y-z =0 ...caused by underflow to 0 ;

a>0, >0, ¢ >0, d>0, 2>0, but
(axz +b)/(cxz +d) | ;5 ...caused by underflow to 0.
(a +b/2)/(c +d/z)

Other paradoxes were discussed above under Tests and Branches. Some further
anomalies cannot be blamed upon computer architects. For instance,
discrepancies can arise whenever decimal-binary conversion is performed
differently by the compiler than by the run-time Input/Output utilities:

Input z ... the user types 9.999 to signal end-of-data...
if z = 9.999 then print result else continue processing data;
... but no result ever gets printed.

These funny things computers do can cause confusion. Some of the confusion
can be alleviated by education, whereby we come to accept and cope with those
anomalies that are inescapable consequences of the finiteness of our machines.
But education cannot mitigate the demoralizing effects of anomalies when they
are unnecessary or inexplicable, when they vary capriciously from machine to
machine, when they occur without leaving any warning indication, or when no
practical way exists to avert them.

The end effect of caprice is a perverse indoctrination. After a while pro-
grammers learn to distrust techniques which formerly worked perfectly and
provably on their old computer system but now fail mysteriously on the new and
better system. By declaring those techniques to be ‘‘tricks"”, as if they never
deserved to work, we reverse the traditional educational paradigm:

A trick used three times is a standard technique.”
(Attributed to G. Polya.)

Models.

1 know about several attempts to impose some kind of intellectual order
upon the arithmetic jungle. An early attempt by van Wijngaarden [26] failed
partly because it was excessively abstract and complicated (32 axioms) and
partly because a few very widely used computers did not conform to his model.
Lately W.S. Brown [23, 27, 28] has contrived another model. It is an outstanding
accomplishment, simultaneously simpler and more realistic than every previous
attempt, easily the best available description of floating-point arithmetic for
programs that must be portable over all machines within reason. By apt



